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I N T R O D U C T I O N 
The fixed p o i n t t heo ry h a s a key ro le in the s t u d y of 
the ex i s t ence and u n i q u e n e s s of the so lu t ion of d i f f e r e n t i a l a n d 
i n t e g r a l e q u a t i o n s . I t a l so f i nds a p p l i c a t i o n s in Numer i ca l 
A n a l y s i s for s t u d y i n g t h e c o n v e r g e n c e of v a r i o u s i t e r a t i v e methods 
for the so lu t i on of n o n - l i n e a r e q u a t i o n s and the sys tem of l i n e a r 
e q u a t i o n s . 
By a f ixed po in t theorem one means a s t a t e m e n t wh ich 
a s s e r t s t h a t u n d e r c e r t a i n c o n d i t i o n s the m a p p i n g T of a se t X 
in to i t se l f admi t s one or more p o i n t s x of X for which Tx = x . 
I n d e e d , t h e most s i g n i f i c a n t r e s u l t of f ixed po in t t h e o r y is t h e 
v/e l l -known Banach C o n t r a c t i o n P r i n c i p l e v/hich s t a t e s t h a t e v e r y 
c o n t r a c t i o n m a p p i n g on a comple te met r ic s p a c e h a s a u n i q u e 
f ixed p o i n t . Foremost among the f ixed po in t theorems a r e those 
due to Brouwer , S c h a u d e r a n d Tychonoff . 
A l a r g e n u m b e r of p rob l ems w i th in t h e a p p l i c a t i o n of 
f ixed point t heo ry c a n b e s t u d i e d c o n v e n i e n t l y in t h e m e t r i c s p a c e 
s e t u p ; bu t the concep t of me t r i c s p a c e d id not r e c e i v e v/ide 
a p p r e c i a t i o n , p e r h a p s , b e c a u s e of i t s d e p e n d e n c e on t h e r e a l 
n u m b e r system a n d l o g i c a l l y c o n s i d e r e d a s s p e c i a l oFfshoot of 
g e n e r a l t opo logy . 
Soon a f t e r the i n t r o d u c t i o n of me t r i c s p a c e s b y 
Maur i ce F r e c h e t , in h i s d o c t o r a l d i s s e r t a t i o n in 1906> s e v e r a l 
mathematicians mainly: F, Riesz, F. Hausdorff and Frechet him-
self observed that the 'distance function' was not really 
needed and almost every thing one wanted to do could be done 
by using the subsidiary concept of "neighbourhood". This led 
to more general class of topological spaces of which the raetrii 
spaces is a subclass (as every metric space is a toDological 
soace). 
The introduction of topological spaces was therefore a 
most satisfyina one as it has^imolified the theorv, widened 
the scope, and made as mathematically self-contained as 
possible. This makes it easy to understand the rapid shift 
in interest, in the years immediately followina 1914, from 
metric space theory to general topology, the theory of topolo-
gical spaces. 
There was nevertheless, a certain price to be paid for 
this progress. The successive generalizations•preserved many 
of the features of the original systems, but not all. For 
instance, it is a routine matter to define the important con-
cepts such as boundedness, total boundedness, completeness and 
uniform continuity. Unfortunately these interesting oroper-
ties are lost in the process of generalization and there is no 
adequate way of carrying these concepts over into the theory 
of topological spaces in general. 
The development of the theory of topological spaces, 
however, has not stripped metric spaces of their usefulness. 
Metric spaces continue to provide the setting for the formu-
lation and analysis of a humber of general ideas that are not 
auite within the reach of general topology. The concept of 
uniform continuity or the Cauchy sequence, both of which 
depend on the possibility of comparing decrees of closeness 
throughout a space. In his thesis Frechet wroter" the 
introduction of distance is absolutely necessary if one wants 
to extend the notion of uniform continuity { from the classical 
setting to a more abstract one}". 
Efforts to develOD theories within which uniform conti-
nuity and similar ideas could be worked out, but which would 
not suffer from the methodological faults of metric space 
theory, have moved in several directions. One recurrent 
startegem has been to introduce a ' generalized metric"^ that 
is, a function not necessarily from X x X into R , but into 
some abstract set on which a bare minimum of suitable algeb-
raic operations and order relations are assum.ed. The bene-
ralized metric' may then b-e required to satisfy the usual 
metric axioms or some modified version of these axioms. In 
this way the special theory of real numbers recedes from the 
picture, but much of the essential mechanism, of metric space 
theory remains. A second line of attack was embodied in the 
theory of Uniform Spaces, definitively inaugurated by A. Weil 
in 1937. The theory of uniform spaces has been much more fully 
developed and is more widely used. The class of uniform spaces 
is more general than that of metric spaces and less general 
than that of topological spaces. Like topological spaces, the 
class of uniform spaces includes metric spaces as a subclass 
and at the same time much of the essential properties like 
uniform continuity, boundedness, total boundedness, complete-
ness etc. can be carried over from metric spaces into uniform 
spaces. 
It is, therefore, natural to expect the uniform space 
setup convenient for the study of fixed ooint theory. Develoo-
ment of fixed point theory in uniform spaces started nearly 
thirty years ago. An enthusiast, by stretching a point here 
and there, might extend the history back to some remote date, 
but there is probably little to be gained by going back beyond 
this period. 
P R E F A C E 
In the present d i sser ta t ion , a systematic s tudy of fixed 
point theorems in uniform spaces have been made. These r e su l t s 
have been collected from many books and research p a p e r s , and 
only those portions have been exposed which are of direct 
re levance to our work. Original contr ibut ion is neither expected 
in an M.Phil, d i s se r ta t ion nor i s claimed h e r e . 
In the present work, v/e have studied the developments 
of fixed point theory in uniform spaces made during the l a s t 
three decades . 
In Chapter I , we have presented those resu l t s in uniform 
spaces which are r e l evan t to the fixed point theory in such 
spaces . In the process some of the c ruc ia l r e su l t s might have 
been ignored but that seems to be unavo idab le . 
In Chapter I I , we have discussed fixed point theorems 
based on uniformity. The resu l t s a re mainly the outcome of the 
attempt to general ize the celeberated Banach contraction p r inc ip le 
to uniform spaces . Among the va r ious r e su l t s presented in th i s 
chapter , the work due to Knill and Reinermann a r e worth 
mentioning. 
In Chapter I I I , we have s tudied the fixed point theorem 
based on the family of pseudometrics which induces the 
under ly ing uniformity. Using the family of pseudometrics, an 
exact analogue of Banach contract ion pr incip le by Tarafdar (cf. 
Theorem 3.2.1) in uniform spacds seems to be the most n a t u r a l 
g e n e r a l i z a t i o n . A m u l t i t u d e of f ixed po in t theorems u s i n g 
g e n e r a l i z e d c o n t r a c t i o n for a m a p p i n g , or for a p a i r of 
m a p p i n g s , or for a t r i o d of m a p p i n g s h a v e been p r e s e n t e d . Some 
r e s u l t s on S t a b i l i t y of f ixed p o i n t in uniform s p a c e a r e a l so 
g i v e n . Among the g i v e n r e s u l t s p r e s e n t e d h e r e , t h e 
t heo rems of Ganguly (Theorem 3 . 3 . 4 ) a n d K h a n - I m d a d (Theorem 
3 . 3 . 2 ) a r e most g e n e r a l one v/hich y i e l d s a m u l t i t u d e of f ixed 
po in t theorems as s p e c i a l c a s e s by choos ing the i n v o l v e d 
m a p p i n g s s u i t a b l y . 
C h a p t e r IV, i s devo ted to t h e s t u d y of f ixed po in t 
t heo rems for m u l t i v a l u e d m a p p i n g s in uniform s p a c e s . The 
v a r i o u s r e s u l t s p r e s e n t e d in t h i s c h a p t e r for m u l t i v a l u e d 
m a p p i n g s a r e main ly t h e a n a l o g u e of the known r e s u l t s for s i n g l e 
v a l u e d m a p p i n g s . The r e s u l t s a r e ma in ly i n d e p e n d e n t of e a c h 
o t h e r and h a v e the i m p o r t a n c e in t h e i r ov/n. Most p r o b a b l y on ly 
a fev/ f ixed po in t r e s u l t s for m u l t i v a l u e d m a p p i n g s a r e a v a i l a b l e . 
I t seems t h a t t he t h e o r y of uniform s p a c e s h a s not been 
fu l ly exp lo i t ed in f ixed p o i n t t heo ry a n d much more r e m a i n s y e t 
to b e i n v e s t i g a t e d . 
PREREQUISITES 
Let X be a non-empty s e t , A = A „ = {(x ,x) : x e X)j-
i s c a l l e d t h e Diagonal s e t . 
I f M c : X X X, t h e n M""^  i s t h e r e f l e c t i o n of M i n 
t h e d i a g o n a l ; i . e . M~ = { (x ,y ) : ( y , x ) e M}. 
The s e t M i s s a i d t o be symmetric i f M = M ; and 
Ant i -symmetr ic i f M 0 M~ (^ A . 
For subse t s M, N of X x X, we de f ine M o N = { ( x , y ) : 
f o r some z, ( x , z ) e N, ( z , y ) e M}. For M O X x X, A CI X, 
X e X, we de f ine 
M[x] = {y e X : ( x , y ) e M} 
M[AJ = (y e X : for every a e A, (a,y) e H } . 
Equivalently 
M[a] = U MCX] . 
xeA 
In t h e fo l lowing , we e s t a b l i s h n o t a t i o n s and g i v e a 
l i s t of s e t t h e o r e t i c r e s t o l t s ( w i t h o u t proof) fo r r e f e r e n c e . 
These r e s u l t s w i l l be used very f r e q u e n t l y i n t h e s e q u e l . 
In t h e formulae (O-,) - (Opp)* i"t i s unders tood t h a t 
M,N,P,M^,N^, e t c . , a r e s u b s e t s of X x X and i r uns t h r o u g h 
some index s e t I . A, B, C e t c . w i t h o r wi thou t i d e n t i c a l 
s u b s c r i p t s , a r e s i ibse ts of X. 
(0-|_) M o N f: N o M 
(O2) M o (N o P) = (M o N) o P 
( 0 , ) M o A = A o M = M 
(0^) M o (UN^) = U(M o N^) J (UNj^ ) o M = U (N^ o M) 
(05) M o ( O N ^ ) C n ( M o N^) ; ( 0 N^) o M CI H C N ^ O M) 
(06) M C N = ^ M o P c i N o P , P o M d P o N 
(07) I f N 3 A then M C ^ ^ l o N , M c ^ N o M 
(08) (M"-'-)"-^ = M 
(09) (M o N)"-*- = N"-^  0 M"-'-
(O-^Q) M O M"-'', tC^o M, MUyi""'", MOM""'" a r e always symmetr ic 
(o^3_) (iM^r^ = mf- i ( H M ^ ) - ^ = DM"^ 
(0^2^ ^^ ^ 2)""'' = B X A 
(O-,,) (M°) » ( M ) ^ , where c denotes complement. 
CAUTION : Despite the notation, A" is not the inverse of A 
with respect to the operation 0, For example taking M = X x X, 
we have MoM~ = M f A. 
A[AJ = A 
M C N=> M[X] C. N [ X ] ; M[A] C N [ A ] 
Converse ly , M[XJ CI N[x] f o r every x e X i m p l i e s M C N. 
(UM^) [AJ = UM^  [AJ 
( n M i ) [ A l c O M ^ C A ] 
(Oi^) 
(0,5) 
^°16) 
(°17) 
(0, = ) 
(O22) (A X B)[C] = 
(0-j_g) M[UA^] = UM[A J^ 
(020) ^^COA^JC nM[A^] 
(021) MoN [Aj = M[N[Ajj 
B if COA f (^  
0) otherwise 
Let f : X —> Y and g : U —> V be two functions. 
The functions f and g induce in a natural way a function 
f X g : X X U — > Y X V defined by 
(fxg) (x,y) = (f(x), g(y)). 
In the special case X = U , Y = V, f = g , we denote f x g = fp' 
For the remaining formulae, f denotes a function from X to Y; 
A, B are subsets of X; C, D are subsets of Y; M, M, , yL of 
X X X; and N,N^, N^ of Y x Y. 
(©2:5) If the composition gof exists, so does gpOfp and 
(gof)^ = g20f2 
(Ogi^ ) If f is invertible, so is f""'" and (f~-'-)2 = (^ 2^ ""^ * 
(O25) ^2 ^^ ^  S) = ^ ^^) ^  ^ (S) 
(O25) f2"'' (^  ^ °^  = f-^iC) X f-^  (D) 
(027) f(M[x]) c: ^2^"^ C^ (x)l with the equality if f is 
one-one. 
(028) f"^(N[f(x)J) = f-^CN) [x] 
(029) t^^n'^) = (f2(M))-^ 
(O30) ^2^ (N-^) = (f-^ (N) ) - l 
With the equa l i ty i f f i s one-one 
(O32) f^^i^o H^) CZ f2^ili^) o f-^ili^) 
With the equa l i ty i f f i s onto-. 
CHAPTER - I 
UNIFORM SPACES 
Before p roceed ing t o var ioi js s p e c i f i c d i scu iss ion we 
p r e s e n t some b a s i c r e sx j l t s on uniform spaces ( g e n e r a l l y 
w i thou t proof) which a r e needed i n e s t a b l i s h i n g f i x e d p o i n t 
t h e o r e m s . For a d e t a i l e d accoimt of t h e o r y of uniform s p a c e s 
one can be r e f e r r e d t o Bourbaki [6] , Btishaw [8] , Kel ley [27] , 
Thron [59] and Hu [ 2 2 ] . 
1.1 UNIFORMITY AND UNIFORM STRUCTURE 
DEFINITION 1 .1 .1 [22] . Let X be a non-empty s e t and ^ be a 
f i l t e r base of s u b s e t s of X x X, t h e n XL i s c a l l e d a u n i f o r -
m i t y on X provided t h e fo l l owing c o n d i t i o n s a r e s a t i s f i e d : 
(U^) A = {(x ,x) : X e X} ( 2 U f o r each \J e Vj, 
(U^) For every U e XL » there e x i s t s a V e u such t h a t 
V o V c : U« 
(U^) U e TJj » V e 7X imply t h a t U H V e TX . 
(U^) For every U e '\i/ » we have U~ e (X . 
The e lements of (X a r e c a l l e d Entourages ( a l s o c a l l e d 
surroxondings o r v i c i n i t i e s ) . One may n o t i c e t h a t no member 
of VJ can be snp ty . 
A un i fo rmi ty t h a t i s no t mere ly a f i l t e r base but a 
f i l t e r , i s c a l l e d a Uniform S t r u c t u r e . 
I t i s easy t o show t h a t t h e uniform s t r u c t u r e s a r e 
dis t inguished from uni formi t ies in general by having the 
proper ty : I f U a'Vb then any superset of U ( in X x X) 
a lso belongs t o XL • Thxjs uniform s t r u c t u r e s s a t i s f y t he 
add i t iona l condit ion : 
(IL) Every subset V of X x X which contains a menber 
U eVu i s in TJj • 
Often i t i s more convenient t o work with the uniform 
s t r u c t u r e s than with un i formi t ies in genera l , but t h e r e i s 
value i n having both concepts a cce s s ib l e . 
REMARK 1 .1 .1 . Pseudometric spaces and Topological groups are 
two outstanding c l a s s of uniform spaces (Examples may be found 
in Bushaw [8] and Hu [ 2 2 ] ) . 
DEFINITION 1.1.2 [8] . Two uniformit ies ^ ^ and TX^ o" *he 
same s e t X are equivalent i f : 
(EU,) For each U^  e l X p * "there ex i s t s a U^  e il-. t h a t 
s a t i s f i e s \Cl'^2' 
(EU2) For each U, e T j l i * "there e x i s t s a U^  e "(Xo "that 
s a t i s f i e s U2 C ^ i * 
This defines an equivalence r e l a t i o n on t h e s e t of a l l u n i -
formit ies on any se t X, and the re fo re p a r t i t i o n s t h e s e t 
of tmiformit ies in to equivalence c l a s s e s . 
1.2 BASIS AND SUB-BASIS 
DEFINITION 1.2.1 [22 ] . Let U / b e a uniformity on X. A sub-
family p of uL i s s a id t o be a Basis or (Base) for (X i f f 
every member of I X c o n t a i n s a member of p. Clearly p i s a 
bas i s f o r T X i f f i"t i s a f i l t e r bas is for (Jy • 
The following Theorem gives a c h a r a c t e r i s a t i o n for a 
family p of subsets of X x X t o be a basis for a uniformity. 
THEOREM 1.2.1 [22] . Let p be a family of subsets of X x X, 
such t h a t 
(UR.) A e B for each B e p , 
(UBp) for E, , Bp e p , t h e r e e x i s t s a B^ e p such t h a t 
(UB^) for each B e p , t h e r e e x i s t s A e p such t h a t 
A o A (21 B. Then t h e r e e x i s t s a unique family (Xon X for 
which p is a bas i s . ( [J^ xs sa id t o be generated by p and 
may be defined as t he family {U : U ZI> B for some B e p } . 
DEFINITION 1.2.2 [22 ] . Two bas i s are sa id to be equiva len t 
i f f they generate t he same uniformity. 
The following theorem cha rac t e r i ze the equivalent 
b a s i s . 
THEOREM 1.2«2 [27] . Two bases p and p are equivalent i f f 
each element B e p conta ins some element B e p and v i c e -
versa , 
DEFINITION 1.2.3 [22 ] . A family % cons i s t ing of subse t s of 
X X X i s a sub-basis for t h e uniformity ( ^ ^^^ "^^s family p 
of f in i t e intersections of members of ^ form a basis for 
Definitions 1.2.1 and 1.2.2 are analogous t o those 
of the basis and sub-basis of a topology. I t is to be noted 
that any arbitrary family of subsets of X i s a sub-basis 
for a topology. This is not the case for sub-basis of a 
uniformity. The following theorem gives the suff icient con-
dit ions for a family to be a sub-basis for a uniformity. 
THEX3REM 1.2 .3 [ 2 7 ] . Let ' ^ be a fami ly of s u b s e t s of X x 
such t h a t 
( i ) A c2 S fo r each S e 'j' 
( i i ) f o r each S e " ^ t h e r e e x i s t s a T e ^ w i t h T o T d S. 
Then ^ ^ i s a s u b - b a s i s f o r a loniformity . 
1.5 TOPOLOGY INDUCED BY A UNIFORMITY 
Given a xaniformity (j(^, i t i s always p o s s i b l e t o d e f i n e 
a t opo logy on t h e s e t by way op fundamental system of n e i g h -
bourhoods . I f i s a u n i f o r m i t y on X, and x i s any e l e -
ment of X, we can d e f i n e [8] 
The sys tem ( ^ ^ s x e X) s a t i s f i e s t h e fo l lowing c o n d i t i o n s 
(UN^) I f M, N e t j , ^ , t h e n M D N c o n t a i n s some member of 
(UN2) I f M e ' ^ ^ t h e n x e M. 
(UN,) If M £ '^v* *^®^ the re ex i s t s an element N of 
T| such t h a t , for any y e N, some subset L of M 
belongs t o ^ . 
The topology defined by t h e neighbourhood system { 7,„ : x e X} 
i s ca l l ed the topology induced by U 
and i s genera l ly denoted 
I t i s important t o note a t t h i s Junct ion t h a t two d i f fe-
ren t uniformit ies on a s e t may lead t o t he same n a t u r a l t o p o -
logy; the uniformit ies are not neces sa r i l y equal or even 
equivalent . 
EXAMPLE 1.3.1 [8] . Let X be the s e t of a l l p o s i t i v e r e a l 
numbers. A uniformity iji-, may be defined on X by 
U-^ Ca) = {(x,y) : |x-yj < a} 
where U-,(a) e and a i t s e l f i s a p o s i t i v e r e a l number. 
This i s the s tandard uniformity given by the usual met r ic on 
R , of which X i s a subse t . 
A second laniformity on X say ( L j , can be def ined by 
U2(a) = {(x,y) : Ix-yj < a x } , 
where U-Ca) e (J^ p ^^^ <* is again a positive real nunber. 
It may be easily verified (see page 110 [8]) that the unifor-
mities (x, and [Jj^ are not equivalent. Nevertheless, the 
corresponding natural topologies ^Oj and j^ y are the 
same; infact, they are the usual relative topology on X as 
a s u b s e t of R . 
Thus two n o n e q u i v a l e n t u n i f o r m i t i e s may l e a d t o t h e 
same n a t u r a l t opo logy . N e v e r t h e l e s s , t h e two e q u i v a l e n t 
u n i f o r m i t i e s must l e a d t o t h e same natTJtral t o p o l o g y . There 
a r e s e v e r a l r e l a t i o n s h i p s between u n i f o r m i t i e s and t h e c o r r -
esponding n a t u r a l t o p o l o g i e s (See [ 3 ] ) . 
Despi te t h e o r i g i n of open s e t s as g e n e r a l i z a t i o n of 
open b a l l s i n a m e t r i c s p a c e , t h e s e t s U[x] i n a u n i f o n n i t y 
may f a i l t o be open. I t i s n a t u r a l , t h e n , t o s i n g l e ou t 
t h o s e u n i f o r m i t i e s f o r which a l l t h e s e s e t s a r e open ; such 
a u n i f o r m i t y i s c a l l e d an open u n i f o r m i t y . 
A n a t u r a l r e l a t i o n s h i p between a un i fo rmi ty and t h e 
open un i fo rmi ty i s t h e fo l l owing : 
THEOREM 1 .5 .1 [ 8 ] . For every u n i f o r m i t y (Xo^^ ^ s e t X 
t h e r e e x i s t s an open u n i f o r m i t y jj on X which i s e q u i -
v a l e n t t o ( J j . 
1 .4 UNIFORM CONTINUITY 
Let (X , , (XT ) and (Xp, (Xp) a r e uniform s p a c e s , a 
f u n c t i o n f : X, > Xp i s uni formly cont inuous i f , f o r 
eve ry Up e (J^p t h e r e e x i s t s a U, e {Ji-. such t h a t 
f o r a l l X e X, . I t f o l l o w s e a s i l y t h a t any uni formly c o n t i -
nuous f t tnc t ion i s con t inuous w i t h r e s p e c t t o t h e n a t u r a l 
topo log ies , but a continuous fvmction from one vmiform space 
t o another may f a i l t o be uniformly continuoi;is. 
EXAI^LS 1.4.1 [ 8 ] . I f (X^,ll-j_) and {X^yUu^) a re both 
taken t o be uniform space ca l l ed (X, Ti-,) in t h e Example 
1 . 3 . 1 . The function f defined by f(x) = x^ i s continuous 
but not vmiformly cont inuous, y/ 
If {y^,lL^)y iX^,Tjj^) and ( X ^ , ! ! ^ ) are uniform 
spaces and f ; . X, ——> X^, g : Xp > X, are uniformly 
continuous, then fg : X^ > X, i s uniformly cont inuous . 
I f (Xj^, XLi) ^"d (^2 ' ^ 2 ^ ^^^ uniform spaces , 
f : X, > Xp i s one-one and onto, and both f and f~ 
are uniformly continuous, then f i s ca l l ed a Unimorphism. 
Every \Animorphism is a Homeomorphism, but a homeomorphism 
between the two uniform spaces i s not necessa r i ly a unimorphism 
as mentioned in the preceding Example 1 . 4 . 1 . 
Two tmiform spaces t h a t a re unimorphic should be r e g a r -
ded as being e s s e n t i a l l y t h e same from t h e stand po in t of 
imiform space theory, j u s t as two homeomorphic t opo log ica l 
spaces are being regarded t h e same from the stand po in t of 
t he theory of topologica l spaces as such. 
A theorem analogoios t o Heine-Borel theorem in c l a s s i c a l 
ana lys i s can be s t a t e d fo r uniform spaces as follows : 
THEOREM 1.4.1 [ 8 ] . A continuous function from a compact 
uniform space to a uniform space i s uniformly cont inuous. 
1.5 SEPARATION AJCIOMS IN UNIFORM SPACES 
Separation axioms are well known in topological spaces. 
These axioms may be extended to uniform spaces considered as 
topological spaces. The following result is well known. 
THEOREM 1.3.1 [8]. For a miform space (X, IL) , T^, T-j_ and 
Tp are equivalent to one another, and to the statement 
011= A ; that is 
TQ <=> T^  <^ => T^  <-=> n LL = A. 
Infact every uniform space is completely regular (T, l ) 
(hence, also regialar) . 
If (X,"^ ) is a topological space, a uniformity (Jj on 
X is said to be compatible if T\n i =Tj* -^ ^ ^^ been obser-
ved ea r l i e r that two different , (indeed non-equivalent) 
uniformities may be compatible with the same topology. This 
suggests some questions : Do there exist topologies tha t have 
no compatible uniformities 9 If so, under what conditions do 
there exist compatible uniformities "^ The answer t o the 
f i r s t question i s affirmative as given in the following : 
A topological space (X,TJ' ) for which there ex is t s 
a t l eas t one uniformity compatible withTT is said to be 
Uniformizable, 
THEOREM 1.3»2 [8 ] . A topological space X is uniformizable 
iff i t i s completely regular. 
One impor tan t c l a s s of xiniformizable spaces i s t h a t 
of compact Hausdorff s p a c e s . For t h e s e spaces t h e u n i f o r m i -
z a b i l i t y s i t u a t i o n i s r a t h e r s i m p l e . 
THEOREM 1 .3 .3 [ s ] . Any compact Hausdorff space i s u n i f o r m i -
z a b l e . Moreover, any two u n i f o r m i t i e s compat ib le w i t h t h e 
t o p o l o g y of such a space a r e e q u i v a l e n t . 
The two p a r t s of t h e theorem imply t h a t t h e r e i s 
e x a c t l y one uniform s t r u c t u r e c o m p a t i b l e w i th t h e t o p o l o g y 
of a compact Hausdorff s p a c e . 
1.6 COMPLETENESS 
As we have seen e a r l i e r t h a t a un i fo rmi ty i s a f i l t e r 
b a s e ( o r f i l t e r ) , i t seems n a t u r a l t o extend t h e d e f i n i t i o n s 
of convergence and comple teness d e f i n e d i n t h e c o n t e x t of 
m e t r i c s p a c e s , t o s i m i l a r concep t s i n uniform s p a c e s . 
DEFINITIONS 1 .6 .1 [ 8 ] . ( i ) Let ( X , 7 X ) J^e a uniform s p a c e . 
A f i l t e r ^ on X i s a Cauchy f i l t e r i f , f o r each V e TX » 
t h e r e e x i s t s F e ^ such t h a t F x F o V. 
( i i ) A uniform space ( X , ^ ^ ) i s s a i d t o be Complete i f f 
every Cauchy f i l t e r i n (_X/Co>"verges. 
( i i i ) A sequence {x } i n X i s a Cauchy sequence i f , 
f o r eve ry element V e (X» ^m ^ ^ [^ n-^  ^o'^ °^»^ ^ N, N b e i n g 
some p o s i t i v e i n t e g e r depending on {J^ . 
( i v ) I f every Cauchy sequence i n X converges , t h e n X i s 
s a i d t o be S e q u e n t i a l l y - c o m p l e t e ( o r Semi -comple te ) . 
(v) The c l o s u r e " ^ of a f i l t e r ^ i s t h e i n t e r s e c t i o n of 
t h e c o l l e c t i o n of c l o s u r e s of t h e members of p r : 
^ = Oi ^ : F e"^} 
(vi) A completion of a uniform space (X, (^  ) is a complete 
uniform space (X, 1_^ ) v/hich has a dense subspace unimorphic 
to (x , ! ! ) . 
In l i n e w i th t h e p r o p e r t i e s of Cauchy sequences i n 
m e t r i c s p a c e s , we have t h e fo l lowing : 
THEOREM 1«6.1 [ 8 ] . In any uniform space (X, 7 _ X ) , a c o n v e r -
gen t f i l t e r i s a Cauchy f i l t e r . 
Unfo r tuna t e ly , t h e converse of t h e above theorem i s 
no t t r u e i n g e n e r a l . 
THEOREM 1.6 .2 [ 2 7 ] . A c l o s e d subspace of a complete uniform 
s p a c e i s complete . 
THEOREM 1.6 .5 [ 2 7 ] . Every Hausdorf f laniform space has a 
Hausdorff comple t ion . Moreover, any two Hausdorff c o m p l e t i o n 
of t h e same uniform s p a c e a r e un imorph ic . 
1.7 Tfi2^L_JQIi]SE!EDIffiSS 
One of t h e i m p o r t a n t concept t h a t appears i n c o n n e c -
t i o n w i t h t h e s tudy of compact m e t r i c spaces i s t o t a l 
boundedness . This c o n c e p t can be def ined i n a n a t u r a l way 
f o r imiforra spaces i n g e n e r a l . 
DEFINITION 1 .7 .1 [ 8 ] . A Uniform space ( X , 7 X ) i s t o t a l l y -
boxAnded i f f o r every V e (X t h e r e e x i s t s a f i n i t e s u b s e t 
S of X such t h a t V[s] = X. 
The n o t i o n of t o t a l boundedness i s impor tan t b o t h i n 
t h e deeper s tudy and i n t h e a p p l i c a t i o n s of uniform s p a c e s , 
however, we s h a l l g i v e r e s u l t s which makes t h e r e l a t i o n s h i p 
between compactness and comple teness very c l e a r . The f o l l o w -
ing r e s u l t s a r e wor th m e n t i o n i n g . 
THEOREM 1 .7 ,1 [ 8 ] . A uniform space (X, 'LL) i s t o t a l l y bounded 
i f f every f i l t e r on X i s con t a ined i n a Cauchy f i l t e r . 
THEOREM 1.7 .2 [ S ] . A uniform space ( X . ^ t ) i s compact i f f 
i t i s t o t a l l y bounded and comple te . 
A n a t u r a l consequence of t h e p r e c e d i n g theorem i s : 
Any compact uniform s p a c e i s comple te . 
1.8 UNIFORMITY GENERATED BY FAMILY OF PSSUDOMETRICS 
A s y s t e m a t i c development of t h e t h e o r y of uniform 
spaces based on t h e f a m i l y of pseudomet r i c s have been t r e a t e d 
i n d e t a i l i n Bourbaki [6 ] , Thron [59] and G i l l m a n - J e r i s o n [17] 
DEFINITION 1 .8 .1 [ 6 ] . Le t X be a s e t , d : X x X > [O, «>] 
such t h a t f o r a l l x , y , z e X, t h e fo l lowing c o n d i t i o n s a r e 
s a t i s f i e d : 
CPU.) d ( x . x ) = 0 
12 
(PM2) d(x,y) = d(y,x) (symmetry) 
im^) d(x,y) < d(x,z) + d(z,y) 
d is called the pseudometric on X and (X,d) is a pseudo-
metric space. 
If {d^ }j^ g.T is a family of pseudometrics on a set 
X, then the least upper bound of the set of uniformities 
defined on X by the pseudometrics d, is called the uni-
A 
formity defined by the family ('^xlxri* 
The s igni f icance of def ining a uniformity by means of 
a family of pseudometrics l i e s in t he f ac t t h a t a l l un i fo r -
mi t i e s can be so obtained. We have t h e follov/ing r e s u l t : 
THEOREM 1.8.1 [ 6 ] . Given a uniformity lJ[^on a s e t X, t h e r e 
i s a family of pseudometrics on X such t h a t t he u n i f o r -
mity defined by t h i s family i s i d e n t i c a l with (J^. 
A family (d : \ e 1} of pseudo-metrics on X i s 
c a l l ed an associated family fo r the uniformity (_^ on X, 
i f t h e family {U(x,e) : \ £ I , e > 0 } , where 
U (X, e) = {(x,y) : dj^(x,y) < e } , i s a sub-bas is for (J^ . 
A family {d^^^  ; \ e 1} of pseudometrics on X i s 
c a l l ed an augmented a s soc ia t ed family for i J , . I f i t i s an 
assoc ia ted family for (J^and has the add i t iona l p roper ty t h a t , 
given a, p e I , t he r e e x i s t a 'Vl e I such t h a t dy i (x ,y ) >. 
max (d^ ( x , y ) , dg (x ,y ) ) fo r a l l (x ,y) e X x X. An a s s o c i a -
t ed family and the augmented assoc ia ted family for (Jj w i l l 
be r e sp . denoted by A( 1L) and A ilV). 
I t i s well known t h a t i f A (U) = [d^ : \ e 1} then 
t h e family {U(X,e) : \ e I , e > 0} i s a base f o r ' [ ^ . (See 
Thron [59J page 179). 
A uniform space (X,7_X ) i s sa id t o be pseudometrizable 
i f f t he re ex is t s a pseudometric d : X x X > R which defines 
a uniformity "(J^as well as a topology "^ of X. If d i s a 
met r ic , then we say t h a t t he uniform space is met r i zab le . 
The following r e s u l t s c h a r a c t e r i z e pseixiometrizable and m e t r i -
zable uniform spaces. 
THEOREM 1.8.2 [22] . A uniform space ( X , X t ) i s pseudometr i-
zable i f f i t s uniformity (Jlj has a covintable b a s i s . 
THEOREM 1.8.3 [22] . A xaniform space (Xj^jL) i s met r izab le 
i f f i t s uniformity [J^ has a countable bas is p such t h a t 
t h e i n t e r s e c t i o n of a l l members of p i s the diagonal A. 
CHAPTER - I I 
FIXED POINT THEOREMS BASED ON UNIFORMITY 
In t h i s c h a p t e r we p r e s e n t some f ixed p o i n t theorems 
f o r c o n t r a c t i o n mapping i n uniform spaces which were proved 
w h i l e ex tend ing c e l e b r a t e d Banach C o n t r a c t i o n P r i n c i p l e t o 
umiform s p a c e s . Some r e s u l t s on expans ion t y p e mappings a r e 
a l s o g i v e n . 
2 . 1 SOME RELEVANT DEFINITIONS AND RESULTS 
Before d i s c u s s i n g t h e r e s u l t s we r e c o r d some d e f i n i -
t i o n s and r e s u l t s which a r e r e l e v a n t t o t h e c o n t e n t s of t h i s 
c h a p t e r . These a r e e s s e n t i a l l y borrowed from Brown-Comfort 
[ 7 ] , Kammerer-Kasriel [26J and Reinermann [ 4 7 ] . 
DEFINITION 2 . 1 . 1 [7] . I f p i s a b a s i s f o r t h e uniform s p a c e 
(^»^LU» t h e n p i s s a i d t o be open i f each of i t s e lements i s 
open i n X X X. 
DEFINITION 2 . 1 . 2 [7] . I f p i s a b a s i s fo r t h e uniform 
s p a c e (X,Xt)» t hen p i s s a i d t o be ample i f , whenever 
( x , y ) 8 U e p t h e r e e x i s t s a W e p such t h a t ( x , y ) e W C - W d ^ 
DEFINITION 2 . 1 . 3 [ 7 ] . I f (X,X[,) i s a uniform space w i t h 
AcnX and U e^ji, t h e n A i s s a i d t o be a U-net i f 
A U-net i s s a i d t o be minimal i f no U-net has 
s m a l l e r c a r d i n a l i t y . 
DEFINITION 2 , 1 . ^ [7] . Let j3 be a b a s i s for the ijnifonn 
space (X,1_X), and l e t f be a function on X in to X. Then 
(a) f i s sa id t o be p -con t rac t ion ( a l so ca l l ed weak 
^-cont rac t ion) i f ( fx , fy) e U whenever (x,y) e U e 3 ; 
(b) f i s said t o be p-expansion ( a l s o ca l l ed weak 
_ — ^ 
j3-expansion) i f (x ,y) e U whenever ( fx , fy) e U e p ; 
(c) f i s said t o be i sobas ic v/ith respec t to p i f f 
i s both ^-cont rac t ion as well a s 3-expansion. 
REMARK 2 .1 ,1 [^7j . A ^ -con t rac t ion i s a continuous mapping. 
REMARK 2.1.2 [7] . If X i s a metr ic space with metr ic d, 
and i f p i s the family of a l l s e t s of the form 
U = {(x ,y) /d(x ,y) < e } , with e > 0, then the function 
f : X > X i s i sobas ic with respec t t o p i f f f i s a 
d-isometry. 
DEFINITION 2 . 1 . ^ [26] . Let (X, d) be a metric space and l e t 
f be a mapping of X i n t o X. The mapping f i s sa id t o be 
e - con t r ac t i ve , i f t h e r e e x i s t s an e > 0 such t h a t 
d( fx , fy) < d(x,y) whenever 0 < d(x ,y) < e. 
DEFINITION 2.1 .6 [26] . Let p be a bas i s for the uniform 
space (X,!^) 2^^ l e t U e p . Then a U-chain i s any f i n i t e 
s e t of po in ts x , x, » ^n ^° ^ such t h a t (x . , , x . ) e U, 
i = 1»2, . . . . , n. We s h a l l say i n such a case t h a t x and 
X a re joined by a U-chain. 
DEFINITION 2.1 .7 ( ^7 ] . Let (X,1l) be a uniform space . A 
fundamental system of entourages p (bas i s for'U) i s s a i d t o 
be regxolar, i f f for each V e p , Cx,y) e V, t he re i s a W s p 
such t h a t (x,y) e W d W c : V. 
DEFINITION 2 .1 .8 [^7] . Let (X,]^) ^e a vuniform space . A 
bas i s 3 for 1^ i s s a id t o be symmetric i f f V = V~ fo r each 
V e (3. 
LEMMA 2 .1 .1 [47] . Let (X,\l) be a uniform space and l e t 
f : X > X i s a p - con t r ac t i ve mapping^ then t he r e e x i s t s 
a regvilar and symmetric bas i s p for Xi* such t h a t f i s 
/ 
3 - c o n t r a c t i v e . 
LS^1MA 2 .1 .2 [47] . Let (X,'U,) be a uniform space, p be a 
basis for Xi and f : X — ^ X be p -con t r ac t ive , l e t x^, x e X 
and l e t x be a c l u s t e r point of {f^C^^)}. Then x i s a 
c l u s t e r point of {f"(x)} too . 
LEMT-U 2 .1 .3 [47] . Let (X,TJ^ ) be' a uniform space, p be a 
regxolar symmetric ba s i s fo r Hi and f : X -—> X be p -
c o n t r a c t i v e . Let x , x e X such t h a t x = f(x) and x i s 
c l u s t e r point of {f^Cx^)}. Then x = lim {f" (x^} . 
2 .2 SOME BASIC RESULTS 
The following r e s u l t s a re due t o Brown-Comfort [7] which 
concern t o p -con t rac t ive and p-expansive mappings as i n t r o -
duced e a r l i e r . 
THEOREM 2 .2 .1 [ 7 ] . Let p be an open bas i s for t h e t o t a l l y 
bounded Havisdorff uniform space (X,lJ^) and f : X > X 
be a c o n t r a c t i o n w i t h r e s p e c t t o p . Then ( x , y ) e U when-
ever ( fx^fy) e U £ p . F u r t h e r , i f p i s ample, t h e n f i s 
i s o b a s i c w i th r e s p e c t t o p . 
THEOREM 2 . 2 . 2 [ 7 ] . Let (X,1X) be a compact Hausdorff u n i -
form space and p be a b a s i s f o r (X,*!!) . Let f : X^ > X 
be p -expans ion and suppose t h a t ^(.y^rS) ^^'^ -^^^8^ ^^® n e t s 
i n fX which converge t o a common p o i n t . Then t h e n e t s 
X , yg converge t o a common p o i n t . 
LSMI^ A 2 - 2 . 1 [ 7 ] . Let t h e xmiform space (X,1X) be t o t a l l y 
bounded Haiosdorff, and l e t p be a b a s i s f o r (X , !^ . ) . Let 
f : X > X be a p - e x p a n s i o n . Then fX i s dense i n X. 
DEFINITION 2 . 2 . 1 [ 7 ] . Let t h e uniform space (X,'l | ;) be compact 
Hausdorff , and l e t p be a b a s i s fo r (X,1X). Let f : X — ^ X 
be a p -expans ion and suppose t h a t ^C^^^) i s a n e t i n fX which 
approaches t h e p o i n t p e X. Then t h e l i m i t i n X of t h e n e t x^ 
i s c a l l e d t h e p s e u d o i n v e r s e (under f) of p , and i s deno ted 
by p * . 
THEOtlEM 2»2 .3 [ 7 ] . Le t X, ' (X, P ^oid f be a s i n D e f i n i t i o n 
2 . 2 . 1 , and suppose t h a t p i s ample. Then (x , y ) e U 
whenever ( x , y ) e U e p . 
THEOREM 2 . 2 , 4 [ 7 ] . Le t t h e uniform space (X,1j^) be compact 
Haiosdorff, and l e t p be an ample b a s i s f o r (X,1X) . Let 
f : X > X be an expans ion w i t h r e s p e c t t o p . Then 
f (p^) = P f o r each p e X, so t h a t fX = X. 
The following Theorem due t o Kammerer-Kasriel [26] 
p a r t i a l l y extends Banach-contraction p r i n c i p l e for uniform 
spaces . 
THEOREM 2.2 .3 [26] . Let (X,'U,) ^^ a Hausdorff uniform 
space and l e t p be an open ample bas i s for the uniformity 
of X. If f : X > X i s p - con t r ac t i ve and i s such t h a t 
t he image of X under some i t e r a t e of f i s compact, then 
(a) the s e t . o f per iodic po in t s in X i s a nonempty f i n i t e 
s e t A = {x , x^, . . . , X } so t h a t for some p o s i t i v e integer 
p , f^(x.) = X. for each x. in A. Fxorthermore, fo r each x 
i n X, t he re ex i s t s an x. e A such t h a t 
lim f "(x) = x^ ^ 
(b) suppose X i s U-chainable, U e p . Then A reduces 
t o a s i n g l e point [Hence f possesses a unique fixed point 
x^ and for each x e X, lim f^(x) = x^ . 
Proof. The proof of t he Theorem follows from a sequence of 
lemmas in each of which X i s taken t o be a compact Hausdorff 
uniform space and f a continuous mapping of X i n t o X. 
Define X = X^, X^ = f(Xj^_^) fo r n = 1,2, and A = O'^^' 
Since (X^ : n = 0 , 1, . . . . } i s a nested sequence of nonempty 
compact s e t s , i t follows t h a t A i s a l s o nonempty compact s e t , 
I . f(A) = A. 
The proof is straightforward and hence omittpd. 
l y 
II, If p is an open ample basis and f : X > X is 
p-contractive, then A consists of a finite number of points. 
The collection of sets p* = {U D (A X A) : U e p} 
forms an open ample basis for the relative uniformity of A. 
Hence the restriction of f to A, f/A, is p -contractive 
and hence weakly p -contractive. Since A is compact, A 
is complete and totally bounded. By Theorem 2.2.1, f/A is 
also weakly j3 -expansive. Let U e p . Then for distinct 
X and y in Ay one has (x,y) ^ U. For if this were not 
the case there would exist a V^  e p such that W C. U, 
(x,y) e U-W and (fx, fy) e W. But since f is also weakly 
p -expansive, (x,y) mxist be in W. This, hov;ever, is a contra-
diction. 
Let U be any element in j3. Then 
U[x] = {y : (x,y) e U} is an open set in the relative topology 
of A. By the previoias paragraph, the set U[x] contains only 
X. Since A is compact there exists a finite number of sets 
of the form U[x] with x e A, which covers A. Thus A is 
a finite set. 
III. With the same hypothesis as in II, there exists a posi-
tive integer p such that f (a) = a for each a e A. 
Furthermore, every periodic point of f is in A. 
The resTilt follows easily from the fact that A is a 
finite set and f(A) » A. 
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IV, Under the same hypothesis as in II, the sequence 
^n (f (x) : n = 1, 2, 3, .... } converges to some element of A. 
Let X be any cluster point of the sequence 
{f ( x ) : n = l , 2, 3 . . . . } . The point x must be an ele-
ment of A. For if not, there exists an n for which 
o 
"x i X. for all i >. n . Since X is closed, there exists 
' X / o n 
o __ 
a V e p such that V[ x ] Q X^ = 0 . But V[ x J contains 
o p 
i n f i n i t e l y many p o i n t s of t h e form {f ( x ) } g i v i n g a d e s i r e d 
Pn _. 
c o n t r a d i c t i o n . To show t h a t l im f (x) = x , l e t U s p . 
There e x i s t s an n such t h a t (jc , f " ( x ) ) e U. S ince f^  i s 
p^ _ \ 
a l s o p - c o n t r a c t i v e and f^(3c) ='x one has (x , f ^^'^ ( x ) ) e U 
Pn -
Hence l im f (x) = x . 
V, Suppose, i n a d d i t i o n t o t h e h y p o t h e s i s of IV, X i s 
U - c h a i n a b l e . Then A c o n s i s t s of a s i n g l e p o i n t . Hence f 
p o s s e s s e s a unique f i x e d p o i n t . 
Suppose ( x , y ) e U e p . Then by D e f i n i t i o n 2 . 1 . 2 
t h e r e e x i s t s a V e p s u c h t h a t ( x , y ) e VCTV cH^. Prom 
p p 
D e f i n i t i o n 2 . 1 . 4 ( a ) i t fo l lows t h a t ( f " ( x ) , f " ( y ) c V 
f o r n = 1 ,2 , . . . and from t h e p roof of IV i t fo l lows t h a t 
p p 
( l i m f " ( x ) , f " ( y ) ) e VO(A x A) c i U O (A x A). By making 
use of t h i s , i t i s easy t o show t h a t i f X i s U - c h a i n a b l e , 
so i s A. Exit by t h e argument as i n t h e p roof of I I , A can 
on ly be U-chainable i f A c o n s i s t s of a s i n g l e p o i n t . 
VI, I f A c o n s i s t s of a s i n g l e p o i n t a , t h e n l im f " ( x ) = a . 
This completes t h e proof of t h e theorem. . 
The preceding Theorem has been extended for a p a i r of 
commuting mappings by Roy [^9] which reads as follows. The 
proof i s e s s e n t i a l l y s im i l a r and hence omitted. 
THEOREM 2 .2 .6 [49] . Suppose (X,'^rt|} i s compact, Hansdorff 
and p i s an open ample bas is for Ij^ , Let f, and f- be two 
d i s t i n c t commuting continuous s e l f mappings of X such t h a t 
for each U e |3 and (x ,y) e U (x j: y) t h e r e i s a W e p 
such t h a t (f-j^(x), f2(y)) e W ^ U and (x ,y) j. V/. Then 
( i ) t he s e t of a l l pe r iod ic po in t s common t o f^  and fp 
i s non-empty and f i n i t e . 
( i i ) I f in add i t ion , (X.'Jyjj^) i s U-chainable (U z j3)^then 
f, and fp have a unique common fixed po in t . 
REMARK 2 . 1 . 3 . By s e t t i n g f^  = f^ i n Theorem 2 .2 .6 we get 
Theorem 1.2 of [^9] . 
REMARK 2 . 1 . 4 . As noted in Roy [ 4 9 j , Theorem 2 .2 .6 holds good 
for a family of commuting mappings ins tead of a p a i r of 
mappings. 
I n ' an attempt t o genera l ize t h e well knov-Ta Banach 
con t r ac t ion p r i n c i p l e for metric spaces Sde l s te in [14,15] and 
Rakotch [44] obtained some r e s u l t s by weakening the c o n t r a c t i v e 
cond i t ions . Since metr ic on a s e t has a na tu ra l r e l a t i o n s h i p 
with t h e xmiformity, t h e s e resiiLts have been extended t o u n i -
form spaces by Kni l l [32] which are given below : 
THBORSM 2.2.7 [32]. Let (X,ll,) be a uniform space. A func-
tion f : X > X is a viniform contraction iff for every 
entourage U of ']J^ there are symmetric entourages V and 
W such that 
WO (fwwf"-"-) 0 wc:vc:U' 
THEOREM 2.2.8 [32]. Let {X,\X) be a uniform space such that 
the topology induced on X by "j^ is compact. Then a self-
map of X to a contraction iff it is a uniform contraction. 
THEOREM 2.2.9 [32]. (Uniform contraction principle). A 
uniform contraction f of a sequentially complete well chained 
uniform space (Xj^ i.,) leaves exactly one point of X fixed. 
Yet another extension of Banach-type contraction prin-
ciple for uniform spaces having regular, symmetric basis was 
studied by Reinermann [47] which is given below : 
THEOREM 2.2.10 [47]. Let (X,'Lt) be a uniform space, let p 
be a regular symmetric basis for 1j^ and let f : X > X 
be a p-contractive mapping with the following properties; 
(a) For each V e p and x e X, there exists a W e p, 
Wc:V such that [(x, f(x)) e V and (x ^ f(x))=> 
(f(x), f^(x)Je W and (x, f(x)) ^ W ] . 
(b) There are elements x , x e X such that 
o 
(i) X is a cluster point of {f"(x )} ; 
Then we have x = f(x) and x = lira {f"(x ) } . 
Proof. V/e assume x ^ f(x) and choose according t o (b) , ( i i ) 
a U £ 3 with (x , f (x ) ) e U. Becaxise of (a) t h e r e e x i s t s a 
V £ p such t h a t V c U» ( f ( x ) , f^(x)) £ V but (x , f (x ) ) j . V. 
The r e g u l a r i t y of 3 then implies t he exis tence of a W £ p 
with ( f ( x ) , f (x)) £ WCW(;2Z.V» Since f i s p -con t rac t ive we 
have ( f " ( x ) , f^'^'^Cx)) e W for n £ N. According t o (b) ( i ) 
and Lemma 2 . 1 , 2 , x i s a c l u s t e r po in t of { f " ( x ) } . Therefore, 
n 
for a given Y £ p t h e r e ex i s t s a n (Y) £ N with (x , f ° (x ) ) £ Y 
° n +1 
and t h e c o n t r a c t i v i t y of f implies ( f ( x ) , f ° (x) ) £ Y. 
Because of the symmetry of |3 we have (x , f (x) ) E Y 0 W 0 Y, 
and, s ince Y £ p i s a r b i t r a r y we conclude (x , f (x) ) E O Y 0 WO Y 
Y£p 
WOV, but t h i s i s con t rad ic to ry t o (x , f (x ) ) i V es t ab l i shed 
above , we have x = f ( x ) . 
According to (b) (i) Lemma 2.1.3 implies 
x = lim (f°(x^)} , 
This completes the proof of the theorem. 
CHAPTER - III 
FIXED POINT THEOREMS BAS3D ON PSSUDOMSTRICS 
It is well known (see Chapter I) that for each lanifor-
mity'TX ori X there exists a family of pseudometrics A('IJ^  ) 
which uniquely determines ]J^ and can be enlarged to A ( 1J^ ) 
by adjoining to A( ]X ^  •^^•^  ^ ^^ pseudometrics of the form, 
max {d^ : k =1,2, ... n}, where (A-., \p, .... X^) is an 
arbitrary finite subset of the index set I. A uniformity is 
Pseudometrizable if it is generated by a single pseudometric 
on X. Further,if the pseudometric is a metric, then the 
uniformity is metrizable. A uniformity with a countable 
basis is always pseudometrizable. It is more convenient to 
study the fixed point results through pseudometric structure. 
In this chapter we study the fixed point results based on the 
family of pseudometric. The results are mainly classified 
into two classes, namely Metrizable uniform spaces and those 
generated by the family of pseudometrics. 
We begin with the definitions which will be used 
very frequently in the sequal. 
5.1 SOME RELEVANT DEFINITIONS AND RESULTS 
Let (XJIJ^) be a xmiform space and p be the basis 
for'U^. Taylor [58] introduced the following definitions : 
(a) f i s sa id t o be p-nonexpansion on X i f (x ,y) e U 
implies ( f ( x ) , f (y)) e U for each U e p. 
(b) f i s said t o be a |3-contract ion on X if , for each 
U e p , t he re i s a V e 3 such t h a t (x ,y) e U o V implies 
Cf(x) , f (y) ) e U. 
(c) f i s sa id t o be asjnmptotically r egu la r i f for each 
x e X and entourage U e (Jl t h e r e i s a p o s i t i v e i n t ege r n 
such t h a t (f '^(x), f""^-^(x)) z U for n-^ n^. 
o 
The def in i t ions given belov/ a re taken from Tarafdar 
[57] . 
DEFINITION 3.1.2 [57 ] . Let (X,TJy ) be a uniform space and 
f : X > X , then 
(a) f i s sa id t o be A ( (X )-'^or^e^P2insion on X, (o r simply 
nonexpansion on X) i f , for each A e I , d - ( f ( x ) , f (y) ) ^ d (x ,y) 
for a l l (x,y) e X x X. 
(b) f i s sa id t o be A ( LL)-contract ion on X, (o r simply 
con t r ac t i on on X) i f for each \ e I , t h e r e e x i s t s a r e a l 
number r(X) with 0 < r ( \ ) < 1 stich t h a t for a l l (x ,y) e X x X 
we have d^( f (x ) , f (y) ) ^ r (x ) d^ (x ,y ) . 
(c ) f i s sa id t o be A ( (X)-asympto t ica l ly regiiLar on X, 
( o r simply as3rmtotically r egu la r on X) i f for each x e X and 
\ e I , l im d^ ( f " (x ) , f""'^(x)) = 0. 
E^SMARK 3 .1 .1 [57 ] . If f i s A ( XL)-nonexpansion-contract ion, 
or - asymptotically regular on X, then f is also respec-
tively A( 1J^)-nonexpanEion, -contraction, or -asymtotically 
regular on X (for proof see Taraf d.ar [57]). 
REMARK 3.1.2 [57]. If P is the basis for ?X and if we take 
3 = {U(\,e) : X e I, e > 0} 
where {d, : K e. 1} = A { (Ju )» then we see that the definition 
(a) coincides with the definition of jS-nonexpansion. However, 
for contraction the definition (b ) is not, in general, equi-
valent to ^-contraction. But for metric spaces the above 
definitions (a ), (.b ) and (c ) reduce respectively to the 
well known definitions of non-expansion, contraction and asym-
ptotic regularity. 
Let (Xj'Ll/ ) be a sequentially complete Housdorff 
uniform space and A (Ij^) be a family of pseudometrics on 
X. Let 
V(d,r) = {(x,y) : x,y e X and d(x,y) < r, r > 0}. 
n 
G = {V : V = n V (d.r.), d. e A( W) , r. > 0, i = 1,2, 1 
i=l ^ ^  ^ ^ 
aV = n V (d a r . ) , d. e A ( l L ) , r . > 0 , a > 0 , i = 1 , 2 , . . 
The fo l lowing r e s u l t s a r e due t o Acharya [ 2 ] . 
LEMMA 3 . 1 . 1 [ 2 ] . I f V e G and a , p > 0 , t h e n 
(ii) a V o p V d (a+p) V . 
(iii) a Vc: p V for a < p . 
LEMMA 3.1.2 \2]. Let d be a pseudometric on X and a, p > 0. 
if (x,y) e aV (d,r-j_) 0 p V(d, r^), then d(x,y) < a r^  + p r2. 
In general, if a, p, r be any three positive numbers 
and if (x,y) e aV (d, r-|_) o pV (d, r^ ) o rV (d, r^ ) , then 
d(x,y) < ar^ + p r^  + T Vy 
LEMMA 3.1.3 [2]. Let (X,7X ) t>e a imiform space, x, y e X. 
Then for every V e G, there is a positive number \ such 
that (x,y) £ XV. 
LES'P^ A 3.1.^ [2] . Let V be any member of G. Then there is a 
pseudometric d on X such that V = V(d,l). This d is 
called the Minkowski's pseudometric of V. 
V/e give some more definitions : 
DEFINITION 3.1.3 [2], Let (X,1X ) ^e a uniform space. A 
sequence {x } in X is said to converge to a point x in it, 
if for each U e (_|^  , there is a positive integer N such that 
(x , x) e U for all n )^  N. 
DEFINITION 3.1.4 [ll] . Let x be a point in a metric space 
X and T ; X > X. Then the orbit of x is the sequence 
2 (x^, Tx , Tx , ,...}. We denote the orbit of x by 0(x ). 
DEFINITION 3.1.^  [ll] . A mapping T : X > X is said to be 
Orbitally continuous if for each x e X. Tv -^ P imniioc 
t h a t T(Tx) > n . 
DEFINITION 3.1.6 [ l l ] . Let T be a s e l f mapping of a t opo lo -
g ica l space X. Let x £ X. T i s sa id t o be o r b i t a l l y c o n t i -
nuous on the o rb i t 0(x ) i f for every x e ©(^Q) > Tx > S 
implies t h a t T(Tx ) > Tg . 
DEFINITION 3.1.7 [ 2 ] . A sequence {T^} of maps defined on a 
uniform space (X,1X ) I s sa id t o converge uniformly t o a 
map T on a s e t A CZ X, i f fo r each U elJut t h e r e i s a 
p o s i t i v e in teger N = N(U) such t h a t n >, N= :^ ^^n^' '^ ^^ ^ ^ 
for a l l X e A. 
DEFINITION 3.1 .8 [ 2 ] . The sequence {T^} i s said t o converge 
pointwise to T on a s e t AC.X, i f for each point x e A 
and a given U e (X. t h e r e i s a p o s i t i v e in teger N = N(U,x) 
such t h a t n >^ N=» ^^n^' -^ ^^  ^ ^* 
DEFINITION 3.1.9 [2] . A mapping T : X > X i s sa id t o be 
con t rac t ive ( r e l a t i v e t o G) i f for any V e G, x,y e X and 
(x ,y) e V==^ (Tx, Ty) e aV, where a i s independent of 
x ,y , V and 0 < a < 1 . The constant a i s knovm as L ipsch i t z 
constant of T, 
DEFINITION 3.1.10 [ 2 ] . A mapping T : X > X i s s a id t o be 
l o c a l l y con t rac t ive ( r e l a t i v e t o G) i f for any x e X, t h e r e 
i s a member W in G and a non-negative ni^ber a , (O X o^ < 1) 
such t h a t for every V e G, y, z e W [x] and (y ,z ) e V 
DEFINITION 3«1.11 [ 2 ] . A mapping T : X > X i s s a i d t o be 
uni formly l o c a l l y c o n t r a c t i v e ( r e l a t i v e t o G), i f t h e r e i s a 
member W of G and a n o n - n e g a t i v e number a , ( O ^ a < 1) such 
t h a t f o r any x e X and any V e G , y , 2 £ W [ x ] and 
( y , z ) e V = > (Ty, Tz) e aV. 
3 .2 RESULTS BASED ON FAMILY OF PSEUDOMSTRICS 
We s h a l l prove an exac t ana logue of Banach c o n t r a c t i o n 
p r i n c i p l e due t o T a r a f d a r [ 5 7 ] . 
THEOREM 3-2 .1 [ 5 7 ] . Let (X,X.(j) be a Hausdorff comple te 
uniform space and {d : X e I } = A ( c L ) . Let f be a c o n t r a c -
t i o n on X. Then f has a unique f ixed p o i n t a e X such 
t h a t f " ( x ) > a i n ' ^ f^ I - t opo logy f o r each x e X. 
Proof . Let x^ e X. Let x^ = f(x^_-j^) = f'^Cx ) , n = 1 ,2 , 
Let \ e I be arbitrary. If m and n are positive integers 
with m < n, then 
\(^m'V = ^ ^^"^^o)' ^"(-o)) = \(^"(^o)' ^ f"-"(x^)) 
< (r(x))°^ {d^ (x^ ,X3^ ) + d^(Xi,X2)+ • • • *\(Xn_^.l,x^_J} 
< (r(x))°' d^ (x^ ,x^ ){lH.r(A)+ ...+(r(x))°-'^ -^ } 
< (r(\))%(x^,x^)/(l-r(\))-^ 0 as m,n > ». 
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d,- Cauchy sequence for each X s I . Let S = (x : n >. p} A p ^ n / ' 
for a l l pos i t i ve in t ege r^ p and l e t p be a f i l t e r bas i s 
{S : p = 1,2, . . . . } . Then, s ince {x^} i s a d^-Cauchy 
sequence for each X e I , i t i s easy t o see t h a t the f i l t e r 
bas i s 3 i s a Cauchy in t he uniform space {yi,l^t)' To see 
t h i s we f i r s t note t h a t the family {U(\, e) : x e I , e > 0} 
i s a base for Tjy as A ( t l ) = {d^ : ^ e 1}. Now l e t V e 1L 
be an a r b i t r a r y entourage. Then there e x i s t a T) e I and 
£ > 0 such tha t UCYl, e) ^ \J. Now s ince {x^} i s a d^^ 
Cauchy sequence in X, t h e r e ex i s t s a p o s i t i v e in t ege r p 
such t h a t d^(x^, x^) < e for m ^ p , n >, p . This implies 
t h a t Sp X ^p CZ U(77 , e ) . Thus given ary UeU vre can fird a SpE? suchtlaat 
SpX SpdU. Hence ^ i s a Cauchy f i l t e r in (X^LL). Since (X, U) i s 
complete and Hausdorff, the Cauchy f i l t e r fi =\s^] converges to a 
- unique point a e X in t he J o . - topology. Thus "^y^ - l im S = a. 
Now s ince f i s d--continuous for each X e I , i t follows 
t h a t f i s Tu, -cont inuous . Hence f (a ) = fCTJ-ii - l im S ) = 
^ „ - lim f(S ) ='[5'^_-lim S^^-^ = a. . Thus a i s a fixed 
point of f. 
Now we wi l l show t h a t a i s unique fixed point of f. 
Let b be another f ixed point of f. Since (X,7X) ^^ ^ 
Hausdorff space and a ^ b , t he r e i s a p e l such t h a t 
doCatb) j 0, s ince f i s a con t rac t ion on X, d„(a ,b) = 
d a ( f ( a ) , f (b)) < r (p) dp.(a,b) which i s a con t r ad ic t ion . 
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pletes the proof. 
Another extension of Banach contraction principle is 
given by Acharya [1] as follows. 
THEOREM 3.2.2 [ij. Let T be an operator on X such that 
for any V e'f^ and x,y e X^(Tx, Ty) e aV if (y,x) e V 
where 0 < a < 1. Then T has a unique fixed point in X. ' 
JY] recent years Acharya*s result inspired a lot of work as he 
has given an ideal setting to extend various metrical fixed 
point theorems to uniform spaces. For this kind of work one 
can see Gupta [19], Khan ([28], [29], [30]), Khan-Imdad [31], 
Ciric ([11], [12]) etc. 
The proof is omitted. A more general result due to 
Gupta [19] is proved below. 
THEOREM 3.2.3 [19]- Let (X, 7X) ^® ^ sequentially complete, 
Hausdorff uniform space and A ( (X ) is a family of pseudo-
metrics which generates ^ . Let T be an operator on X such 
that for any five members V, , Vp* 5^» 4^» ^5 ^^ ^ satisfies 
the condition. 
(3.2.3.1) (Tx,Ty) e aV^ o pV^ o r V^ o dV^ o ^ V^ ^ 
fo r a l l x,y e X and each d e A ( I L ) , i f (x,Tx) e V,, 
(y,Ty) e Y^, (x,Ty) e V^, (y,Tx) e V^ and (x ,y) e V^  where 
a, p , 7 , 6 and ^ a re p o s i t i v e r e a l cons tants depending on 
a + p + r + 6 + ^ < l , i f f o r each d e A (U), e i t h e r 
a + r + ^ 
( i ) 1 - p - 7 > 0 and 0 ^ < 1 
1 - a - r 
or 
^ + t + ^ 
( i i ) 1 - a - 6 ^ 0 and 0 < < 1 
^ 1 - a - 6 
Then T has a f ixed p o i n t . I f i n a d d i t i o n t o e i t h e r of t h e s e 
c o n d i t i o n s , r + i * \^ < 1 , t h e n t h e f ixed p o i n t i s un ique . 
Proof . Let xoe X. Let x^ = Tx^_-|_ = Txo , n ^^  1 , 2 , . . . 
we prove t h e theorem i n s t e p s . 
1 I f c o n d i t i o n ( i ) i s s a t i s f i e d , we s h a l l show t h a t t h e 
sequence {x } converges t o a p o i n t t i n X. Let V e Uj ^ 
deno te by d t h e Minkowski pseudo-^metric of V. Let x , y 
be any two p o i n t s i n X. Let d(x ,Tx) = r , , d (y ,Ty) = r „ , 
d (x ,Ty) = r ^ , d(y ,Tx) = r ^ and d ( x , y ) = r^ and e > 0 . 
Then (x,Tx) e (r^+ e)V, (y ,Ty) e {r^+ e)V, (x ,Ty) e ( r ^+ e)V, 
Cy,Tx) e ( r^+ e)V and ( x , y ) e {r^+ e)V. So by c o n d i t i o n 
( 3 « 2 . 3 . 1 ) we have 
(Tx,Ty) e a ( r ^ + e) V o ^{r^+ e) V o 7 ( r ^ + e) V o e ( r ^ + e) o 
y^Cr^^ e) V. 
So lemma 3 . 1 . 2 ^ g i v e s 
d(Tx,Ty) < a ( r ^ + e) + p {r^+ e) + 7 ( r^+ e) + e ( r ^ + e) + '/ir^+ e) 
= ar-j_+ ^T2+ 7 r , + 6r^+ /rc+(a+p+7+6+J^ ) e 
Since e is arbitrary, we have 
( 3 . 2 . 3 . 2 ) d(Tx,Ty) < ad(x,Tx) + i3d(y,Ty) + rd(x,Tx) + 
6d(y,Tx) + y^d(x,y) 
Now, 
d(x^,X2) = dCTx^, Tx^) 
^ ad(x^,Tx^) + pd(x^,TXj_) + 7d(x^,Tx^) + dd(x^,Tx^) 
+ / -d(x^ ,x^) 
= ad(Xo,x, ) + pd(x, ,x^) + 7d(x^ ,x^) + dd(x, ,x, ) + 
+ / - d ( x ^ , x^ )^ 
= ad(x^,x^) + j3d(x-j^,X2) + r {d(x^,x-j^) + d(x^,X2)} + 
which gives 
d(x^,X2) ^ k d (x^ ,x^) , where k = ( a + 7 + ^ ) / ( l - p - r ) , 0 < k < 1 
I t follows by induction t h a t 
d^^n' ^n+l> ^ ^" ^ ^ ^ o ' ^ l ) 
for p o s i t i v e in tegers m, n (m > n^we have 
^ ^ V V ^ ^^^n' ^n+l) * ^^^n+1 ' ^n+2) ^ '" ^ ^^^m-l* ^m^ 
^ (k"+ k""-^* . . . . +k '° -^) d (x^, x^) 
Choose a p o s i t i v e i n t e g e r n such t h a t k / l - k d(x ,x-,) < 1 
when n :>, n^. Then ci(x^, x^) < 1 f o r m > n :^  n , g ive s 
( x ^ , Xjjj) e V when m > n ^ n^. 
Therefore {x } i s a Cauchy sequence i n X. S ince 
X i s s e q u e n t i a l l y c o m p l e t e , {x } converges t o some p o i n t 
S i n X. 
][ ^ I f c o n d i t i o n ( i i ) i s s a t i s f i e d , t h e n i n t h e same way 
we can show t h a t 
dCx^, x-j_) = d(Tx^, Tx^) 
^ S '^d ( x ^ , x^) 
where S = (p + ( 5 + ' > ^ ) / ( l - a - d ) , 0 < S < 1 . 
S i m i l a r l y , f o r p o s i t i v e i n t e g e r s m, n (m > n ) we can show t h a t 
d (x , X ) < S ° / l - S d ( x , x , ) and f o r n > n we can have i n the 
same way d(x , x^^ ) < 1 f o r m > n X n . Thus {x } i s a 
Cauchy sequence i n X and t h e r e f o r e converges t o some p o i n t 
S i n X. 
"HT To show t h a t 5 i s a f i xed p o i n t . Let V e a r b i -
t r a r y and d t h e Minkowski ' s p seudome t r i c of V. For any 
p o s i t i v e i n t e g e r n 
d ( e , T ^ ) < d ( ^ , x^) + d(Tx^__-j^. Tg) 
^ cl(^ , x^) + ad (x^j_, x^) + pd(^, T ^ + 7d (x^^3^, T^) 
+ 6d(^, x^) + ^ d(x^_^, i) . 
Letting n —> «», we obtain 
d(e,T^) ^  (P+r) d(^,T^), which gives d(^,T^) = 0. 
So (^ , TL) £ V. V be ing a r b i t r a r y and X be inga i iausdor f f , 
we have S = Tt• vy 
An ex t ens ion of t h e p reced ing theorem f o r a sequence of 
maps r eads as f o l l ows . 
THEOREM 3 . 2 . ^ [ l 9 ] • Let (X, TX) be a s e q u e n t i a l l y comple te 
Hausdorff uniform s p a c e and (T } a sequence of s e l f mappings 
of X. I f f o r any two mappings T- , T . , 
(TiX,T^y) e a V^ o^ ? V2O 7 V^o t V^o ) ^ V^ 
i f (x ,T^x) e V^, ( y , T j y ) e V^, (x ,T^y) e V^, (y ,T^x) e V^, 
(x,y) eVc where a,3,r,6, V^  be as in Theorera3'2.3. Then 
{ T } has a fixed point. If in addition, 7 +6 + V^< 1, then 
the fixed point is unique. 
REMARK 3.2.1. For {T^ }^ = {T^, T^} , Theorem 3.2.4 reduces to 
Theorem 3 of [19]. 
where p, q are some positive integers, we obtain corollary 
3.1 of [19]. 
.Following Acharya's technique Ciric [12] obtained some 
resiilts using a different contractive condition which extend 
some earlier results in metric spaces to uniform spaces 
([1], [11]<^[45]). 
For metrizable spaces we have the following. 
THEOREM 3.2.5 [12]. Let X be a metrizable uniform space 
and F and T be a pair of self mappings of X. If (X,d), 
for some metric d, is complete and the mappings F and T 
satisfy the condition 
d(Fx,Ty) ^  q.max {d(x,y), 1/2 d(x,Fx), 1/2 d(y,Ty) ,d(x,Ty) ,d( y,Fx) 
for some q < 1 and all x,y E X, then F and T have a unique 
common fixed point. 
Proof. Let x e X be an arbitrary point. We shall show that 
the sequence {Tx} is bounded. For an arbitrary integer n 
let k = k(n) be such that 
d(Fx, Tx) = max {d(Fx,Tx) : i = 1,2, ... n}. 
Then 
d(Px, Tx) ^  d(Fx, Tx) 
^ q max {d(x,Tx), 1/2 d(x,Fx), 1/2 d(Tx'*-'-,Tx) , 
<_ qmax{d(x ,Fx ) + d ( F x , T x " ^ ) , 1/2 d ( x , F x ) , 
l /2[d(TS^"^,Fx) + d ( F x , T ! ^ ) ] , d (x ,Fx) +d(Fx,T]f ) 
d(Fx, T^-1)} 
<. q max {d(x ,Fx) + d(Fx, Tx) , l/2[d(T>c ,Fx)+d( FX,T!C) 
d(Fx, Th} 
= q[d(x ,Fx) + d (Fx , Tx)] 
and hence 
dCFx,T^) ^ ^—^ d ( x , Fx) . 
Therefore, for any integer n we have 
d(Fx, Tx) < d (Fx , T^^^^) ^ d ( x , Fx) . 
1-q 
To 
Hence we conclude t h a t t h e sequence (Tx } i s bounded. S i m i -
l a r l y , t h e sequence (Fx } i s bounded and so 
6^ = Sup {d(Fx , Tx ) : i , o ^ n} < «> 
For i , J :^  n we have 
d(Fx , T i ) ^ qmax {dCF^'x , T '^X ) , 1/2 dCF^^ x"^  , F ^ ^ ) , 
l / 2 d ( T ^ x ^ - , I-^x), dCF^l,! , T \ ) , d ( F ^ , T^ll':} 
^ qmax {d(F^x^ . T^lc^ ) , 1/2 [dCF^x"" , T'^'x ) + 
d(T^x^ , F x ) , l /2 [d(T^;^^ , F^"x^ ) + dCF^x^ , T 4 . ) ] . 
^ qmax (dCF^x- , T^Tf ) , dCT^^^ , F^x) , d (F^x^ , T ^ A ) 
and hence 
This i m p l i e s t h a t l i r a 6 = 0 . S ince 
i t fo l lows t h a t |Tx } i s a Cauchy sequence i n t h e comple te 
m etric space (X,d) and so has a limit point u in X. Since 
d(u, F5,) ^ d(u,T;) + d(T? ,Fx) ^  d(u,T?) + i^ 
yi i t fo l lows t h a t u = l im Fx t o o . 
Now, we have 
ci(u,Tu) ^ d ( u , F X ) + d(FFK , Tu) ^ d ( u , F^^'x ) . 
q m a x { d ( F ' J , u ) . 1/2 d (F x , F^^'x ) , 1/2 d ( u , T u ) , 
d ( F x . Tu) , dCF'^'x^ , u)} 
and on l e t t i n g n —> «> we s e e t h a t 
d (u , Tu) < q d ( u , Tu) . 
Since q < 1, it follows that d(u, Tu) = 0, i.e. u is a 
fixed point of T. Similarly u is also a fixed point of F. 
Now suppose that v is another common fixed point of F and T. 
Then, 
d(u,v) = d(Fu, Tv) ^  q max {d(u,v), 1/2 d(u, Fu) , 1/2 d(v,Tv), 
d(u, Tv), d(v, Fu)} = qd (u,v) 
and hence v = u. Assume now that w=FV.. Then 
d(w, Tw) = d(Fw,Tw) ^  q max {1/2 d(w,Tw), d(w, Tw)} = q d(w,Tw) 
and since q < 1, d(w,Tw) = 0.. Therefore the uniqueness of u 
follows. This completes the proof of the theorem, y/ 
For non metrizable uniform spaces, the following result 
is also due to Ciric [12] . 
THEOREM 3.2.6 [12]. Let X be a sequentially complete Haus-
dorff uniform space and F and T be a pair of self mappings 
of X. If for any V^ e G (i =« 1,2,3,^5) and x,y e X 
(x,y) e V-^ , (x, Fx) e V^, (y, Ty) e V^, (x, Ty) e V^, (y, Fx) e V, 
implies 
(3.2.6.1) (Fx,Ty) e a V^o b "^^o C V^ o eV^o f V^. 
For some non-negative functions a = a(x,y), b = b(x,y) 
C =C(x,y), e = e (x,y) and f = f (x,y) satisfying 
a(x,y) + 2b(x,y) + 2c(x,y) + e(x,y) + f(x,y) ^  q < 1^ 
then F and T have a unique common fixed point. 
be the Minkov;ski pseudometric corresponding to V. ptit 
d(x,y) = t-j_, d(x,Fx) = t^, d(y,Ty) = t^, d(x,Ty) = t^, 
d(y,Fx) = t^ and let e > 0, then 
(x,y) e (t^+e) V-j_, (x,Fx) e {t^-^z)'J^, (y,Ty) z (t^+e) V^, 
(x,Ty) e (t^+e)V^, (y,Fx) e (t^+s) V^, 
which imply that 
(Fx,Ty) £ a(t^+e) M^o b(t2+e) V^o c(t^+£) V^o 
and hence 
d(Fx,Ty) < a(t^+e) + bCt^+e) + c(t^+E) + e(t^+e) + f(t^+£). 
Since e is arbitrary, 
d(Fx,Ty) ;< a d(x,y) + 2b 1/2 d(x,Fx) + 2c 1/2 d(y,Ty) 
+ ed(x,Ty) + fd(y,Fx) 
^ (a + 2b + 2c + e + f) max {d(x,y), l/2cl(x,Fx), 
1/2 d(y,Ty) d(x,Ty), d(y,Fx)} 
^ q max {d(x,y), 1/2 d(x,Fx), 1/2 d(y,Ty), d(x,Ty), 
d(y,Fx)}. 
Using the same argument as in Theorem 5.2.5» we get 
d(u,Tu) = d(u,Fu) = 0 for some u e X. Therefore (u,Tu), 
(u,Fu) £ V for every V e G. Hence Tu = u = Fu. The 
laniqueness of u also follows as argued in Theorem 3.2.5. V/ 
The following result is an immediate consequence 
of the preceding theorem. 
CX)ROLLARY 3.2.2 [l2j . Let F and T be mappings of a 
sequentially complete Hausdorff uniform space X into 
itself. If there exist positive integers i and j such 
that F"^  and T^ satisfy (5.2.6.1), then F and T have a unique 
common fixed point. 
As a generalization of Theorem 2 of [ll] the follow-
ing result has also been stated (without proof) in [12]. 
THEOREM 3.2.7. Let "^ be a family of self mappings of a 
sequentially complete Hausdorff uniform space X. If there 
exists some F in '^ such that for each T e "^ there are 
positive integers i = i (T) and j = d(T) such that 
(x,y) e V^, (x, Fx ) e Y^, (y, T^y) e V^, (x, T"^ )^ e V^, 
(y, FX ) e V^ imply 
(FJ , T^y) e a V^o b 7^o c V^o e V^o e V^ 
for all x,y e X and V^ e G (i = 1,2,3.4,5) where a,b,c and 
e are non negative functions of x aixi y satisfying 
a(x,y) + b(x,y) + c(x,y) + 2e(x,y) ^  q < 1, then every T e J' 
has a lanique fixed point i n X ; a t the same t ime, t he same 
po in t i s a common fixed poin t for ^ -
Another gene ra l i za t ion of the preceding theorem i s 
given by Rhoades [48] . 
THEOREM 3.2>8 [48] . Let (X,7X) ^^ ^ s equen t i a l ly complete 
Hausdorff imiform space and T : X > X i s a se l f mapping 
of X. If for any V^^ e G ( i = 1 ,2 ,3 ,4 ,5) and x,y e X, 
(x ,y) £ V-j_, (x,Tx) e V2, (y,Ty) e V^, (x,Ty) e V^ and (y,Tx) e V^  
implies 
( 3 . 2 . 8 . 1 ) CTx,Ty) e a (x ,y) V^o b(x,y)V20 c(x,y) V^o d(x,y) V^o 
V40 e(x ,y) V^. 
where a ( x , y ) , b (x ,y ) , c ( x , y ) , d ( x , y ) , e (x ,y) are non negat ive 
fiinctions of x and y s a t i s f y i n g 
Sup {a(x,y) + b(x,y) + c (x ,y ) + d(x,y) + e(x ,y)} = q < 1 . 
x,yeX 
Then T has a unique fixed po in t z. and {Tx } converges t o 
"Z. for each x e X. 
The following res i i l t i s an immediate consequence of 
Theorem 3 .2 .8 , 
COROLLARY 3.2 .? [48] . Let T : X—> X such t h a t T^ s a t i s f i e s 
( 3 . 2 . 8 . 1 ) for some fixed p o s i t i v e i n t ege r q. Then T has a 
^n 
unique fixed point w and (T- x } converges t o 2. for each 
X e X. 
A similar extension of Theorem 3.2.6 due to Ciric 
[12] reads as follows. 
THEOREM 3.2.9 [12]. Let F,T be a pair of self mapping of X 
and a,b,c,d,e and V. e G (i = 1,2,3,^,5) be as in Theorem 
3.2.8. If 
(Fx,Ty) e a V-j_o b V^o c V^o d V^o e V^ 
t h e n F and T have a unique common f i xed . po in t . 
An immediate consequence of t h e above Theorem i s t h e fo l l owing ; 
COROLLARY 3 . 2 . 4 [ 1 2 ] . Let F,T be s e l f mapping of X. Suppose 
t h e r e e x i s t p o s i t i v e i n t e g e r s p and q such t h a t f o r T^ 
and F^, Theorem ( 3 . 2 . 9 ) h o l d s , t h e n F,T have unique common 
f i x e d p o i n t . 
3 . COMMUTING MAPPINGS AI\!D FIXED POINTS 
In an a t t empt t o extend t h e Jungck^s [25] r e s u l t ( f o r 
m e t r i c s p a c e s ) t o uniform s p a c e s . Khan [29] proved t h e f o l l o w -
i n g , we b e g i n w i t h u s e f u l lemmas. 
LEMI^ A 3 . 3 . 1 [ 2 9 ] . I f x , y e X, t h e n f o r every V i n G t h e r e 
i s a p o s i t i v e number \ such t h a t ( x , y ) e A V. 
LB/IMA 3 . 3 . 2 [ 2 9 ] . Let {x^} be a sequence i n a comple te 
m e t r i c space ( X , d ) . I f t h e r e e x i s t s X e ( 0 , 1 ) such t h a t 
'^^^n+l* ^n^ "^  ^^ ^^n ' ^ n - 1 ^ ^'^^ ^-^ °» "^^^^ ^^n^ converges 
t o a p o i n t i n X. 
THEOREiyi 3 . 3 . 1 [ 2 9 ] . Let S and T be two commuting s e l f 
mappings of X such t h a t T i s c o n t i n u o u s , S(X) C . T(X) 
and V^ e G ( i = 1 , 2 , 3 , ^ , 5 ) , x , y e X^(Tx, Sx) e V-^ , (Ty,Sy) e V^, 
(Tx,Sy) e V, , (Ty,Sx) e V^ and (Tx,Ty) e V^, i m p l i e s 
( 3 . 3 . 1 . 1 ) CSx,Sy) e a V^o b V20 c V^o d V^o e V^, 
where a , b , c , d , e ^ 0 ; a+b+c+d+e < 1 , c = d. Then S and T 
have a unique common f i x e d p o i n t . 
Proof. Let V e G be a r b i t r a r y and d t h e Minkowski 
pseudomet r ic of V. For x , y e X, l e t us t a k e 
d(Tx,Sx) = r-^, d(Ty,Sy) = r ^ , d(Tx,Sy) = r ^ , d(Ty,Sx) = r ^ , 
d(Tx,Ty) = re. Take e > 0. Then (Tx,Sx) e (r^+ e)V, 
(Ty,Sy) e {r^+ e)V, (Tx,Sy) e (r^+ e)V, (Ty,Sx) e (r^+e)V, 
(Tx,Ty) e (rt-+e)V. Therefore by (3.3.1.1) we have 
(Sx,Sy) e a(r,+e) V o b(r2+e) V o c(r,+e)V o d(r^+e)V o e(rc+e)V 
Using Lemma 3.1.1(i), Lemma 3.1.2 and Lemma 3.3.1, we get 
d(Sx,Sy) < a(r^+e) + b(r2+e) + c(r,+e) + d(r^+e) + e(rc+e) 
< ad(Tx,Sx) + bd(Ty,Sy) + cd(Tx,Sy) + d d(Ty,Sx) 
+ e d(Tx,Ty) + (a+b+c+d+e) e. 
As £ is arbitrary, we have 
(3.3.1.2) d(Sx,Sy) :< a d(Tx,Sx) + b d(Ty,Sy) + c d(Tx,Sy) 
Now let X e X be arbitrary, and let x e X be such that 
Sx = Tx^. In general, choose x^ s X with Sx^ ^^ , = Tx^ 
which is possible since S(X)(Z. T(X). Then using (3.3.1.2) 
we get 
^^^^n+1' ^ ^n) ^< ^  7-^ ^ ) ^  ^^^n' ^^n-l^ ' 
1 - a - a 
Therefore by Lemma 3.3.2, {Tx } converges to some z £ X. 
As S(X) CZ T(X), the sequence {Sx^ } also converges to z. 
Then continuity of T yields TTx^ > Tz and TSx^ ^ > Tz. 
As S commutes with T, we also find STx^ ^ > Tz. We now 
claim that STx > Sz. To do this, we observe that 
d(STx^, Sz) < a d(TTx^, STx^) + b d(Tz,Sz) + c d(TTx^,Sz) 
+ d d (Tz, STx^) + e d(TTx^, Tz) 
^ a d(TTx^, Tz) + a dCTz, STx^) + b d(Tz,STx^) 
+ b d(STXjj,Sz) •». c d(TTXjj,Tz) + c d(Tz,STx^) 
+ c d(STx^,Sz) + d d(Tz,STx^) + e d(TTXjj,Tz) . 
Therefore, 
(1-b-c) d(STXj^ ,Sz) ^  (a+c+e) d(TTXj^ ,Tz)+(a+b+c+d) d(STXj^ ,Tz) 
Which implies STx^ ^ > Sz. Hence Sz = Tz. Using commuta-
tivity of S and T we get TTz = TSz = STz = SSz. 
We also have 
d(Sz,SSz) :< d(Sz,STx^) + d(STx^,SSz) 
^ d(Sz,STx^) + a d(TTx^, STx^) + b d(TSz,SSz) 
+ c d(TTx^,SSz) + d d (TSz,STx^) + e d(TTx^,TSz) 
4^  d(Sz,STx^) + a d (TTx^,Tz) + a d(Tz,STx^) + 
+ b d(TSz,SSz) + c d(TTx^,Tz) + c d(Tz,SSz) 
+ d d(TSz,Sz) + d d (Sz,STx^) + e d(TTx^,Tz) 
The l a s t inequa l i ty gives us 
(1-c-d) d(Sz,SSz) ^ (1+a+d) d(Sz,STx^) + (a+c+e) d(TTx^,Tz) . 
Letting n-—> », we have d(Sz,SSz) = 0. This means that 
(Sz,SSz) e V. As X is Hausdorff and V is arbitrary it 
follows that SSz = Sz. In a similar manner, we can show that 
TTz = Tz. Now Sz = Tz implies that S and T have a common 
fixed point. To prove the unicity of common fixed point of 
S and T, suppose that z, and z„ are two distinct common fixed 
points of S and T. Choose any V e G. Then 
(Tz^ ,Sz-j^ ) = (z^,z^) e V and (Tz2>SZ2) = (z2»22^ ^ ^ 
By Lemma 3 . 1 . l ( i ) and ( i i i ) , t h i s impl ies t h a t (z^,Zp) 
£(a+b+c+d+e) VC,V. As V i s a r b i t r a r y , we have 2,= Zp. 
This completes the proof. ^ . 
REMARK 3 .3 .1 [29] . We can replace cons tan ts a , b , c , d , e by 
a ( x , y ) , b ( x , y ) , . . . . with 
Sup{a(x,y) + b(x,y) + c(x ,y) + d(x,y) + e(x ,y)} < 1 . 
REMARK 5.5«2. If we put T = I , t h e i d e n t i t y mapping, we get 
a uniform space version of a f ixed point theorem due t o Hardy -
Rogers [ 21 ] . 
REMARK 3.3«3. If in Theorem 3 .3 .1 we replace a , b , c , d , e by some 
non-negative fxinctions a = a ( x , y ) , b = b(x,y) r:^e = e(x,y) 
s a t i s f y i n g (a+b+c+d+e) ^ q < 1 , we get Theorem 3.1 of Khan [28j . 
REJ^ ARK 3 . 3 . ^ . If we put T = I , t h e i d e n t i t y mapping and take 
a , b , c , d , e as in Remark 3 .3 .3 we get c o r o l l a r y 3.3 of Khan [28 ] . 
The r e s u l t so obtained may be regarded as t h e extension of 
Cir ic*s fixed point theorem from metr ic spaces to uniform spaces 
THEOREM 3.3 .1 . due to Khan [29] has a l so been extended t o t r i o d 
of mappings by Khan-Fisher [30] and Khan-Imdad [31] . However, 
t he resxolt of Khan-Imdad i s more genera l which reads as follows 
THEOREM 3.3.2 [31] . Let A, S and T be self-mappings of X 
such t h a t t he following hold : 
( i ) A(X)C1 S(X) n T(X) i 
( i i ) SA = AS, AT = TA ; 
( i i i ) S and T are continuoios ; 
( i v ) Let Vj^  e G ( i = 1,2, . . . 5) and x ,y e X. Further 
suppose t h a t (Sx, Ax) e V,, (Ty, Ay) e Vp, (Sx,Ay) e V,, 
(Ty, Ax) e V^ and (Sx, Ty) e V^  imp l i e s t h a t 
( 3 . 3 . 2 . 1 ) (Ax, Ay) e a V^o b V^o c V^o d V^o e V^, 
where a , b , c , d , e >^ 0 , a+b+c+d+e < 1 , c = d. Then A,S and T 
have a unique common f i x e d p o i n t . 
Proof . Let V e G be a r b i t r a r y and d t h e Minkowski p s e u -
domet r i c of V. For x , y e X, l e t us t a k e d (Sx, Ax) = r , 
d(Ty,Ay) = T^, d(Sx,Ay) = r ^ , d(Ty,Ax) = r ^ and d(Sx,Ty) = r ^ . 
Take e > 0 . Then (Sx , Ax) e (r-j_.+ e)V, (Ty, Ay) e (^2+ e) V, 
(Sx,Ay) e ( r ^ + e)V, (Ty, Ax) e ( r^+ e)V and (Sx,Ty) e ( r ^ + e)V. 
T h e r e f o r e , by ( 3 . 3 - 2 . 1 ) , we have (Ax,Ay) e a(r-, + £)V o b ( r2+ e) 
V o c ( r , +e) V o d ( r^+ e) V o e ( r c + e)V. 
Using Lemmas 3 . 1 . l ( i ) , 3 . 1 . 2 and 3 .3 .1» we ge t 
d(Ax,Ay) < a ( r , + e ) + b ( r2+e) + c ( r^+e ) + d ( r^+e ) + e ( r c + e ) 
= a d(Sx,Ax) + b d(Ty,Ay) + c d(Sx,Ay) + dd (Ty,Ax) 
+ e d(Sx,Ty) + (a+b+c+d+e) e . 
S ince e i s a r b i t r a r y , we have 
( 3 . 3 . 2 . 2 ) d(Ax,Ay) ^ a d.(Sx,Ax) + b d(Ty,Ay) + c d(Sx,Ay) 
+ d d(Ty, Ax) + e d(Sx,Ty) 
Let X be an arbitrary point of X. Since A(X) is 
contained in S(X), we can always pickup a point x^  in X such 
can s e l e c t a p o i n t Xp i n X s a t i s f y i n g Tx„ = Ax^. So , i n 
g e n e r a l , Sx = Ax , when n i s odd, and Tx = Ax _, when 
n i s even. Now us ing ( 3 . 3 . 2 . 2 ) , i t i s easy t o see t h a t 
d(AX2^^3_, Ax^^) < C ) d(Ax2^, Ax2„_ i ) . 
X — a — ci 
Therefore, by Lemma 5,3.2, (-^ n^  converges to some z e X. 
Since sequences {SXp ,} and i'^^pjJ s^© subsequences of 
{Ax } , they have the same limit z. 
Then continuity of S and T imply that SAx > Sz 
and TAx- > Tz. Since S and T commute v/ith A, we conclude 
that ASx^ > Sz and ATx > Tz. Furthermore, we also find 
n n 
that SSx„„-T > Sz, TSx^^ ., > Tz and STx^- > Sz. We 
2n+l 2n+l 2n 
now claim that ASXp ,. > A^. To do this, v/e observe that 
d(ASx2^_^^,Az) ^  a d(SSx2^^-,_, ASx^^+i) + ^ d(Tz,Az) 
+ c d(SSx2j^^^, Az) + dd (Tz,ASX2JJ^3_) 
+ e dCSSx^jj^^, Tz) 
^ a d(SSx2jj^-L, Sz) + a d(Sz, ASx^^^^^) 
N 
+ b d(Tz, STx^^) b C Tx^^, Sz) 
+ b d(Sz, ASX2J^-J_) + b <i( ASX2J^^3_, A Z ) 
+ 0 d(SSx2j^ -^j^ ,Sz) + c d (Sz, ASx^ ^^ ^^ -j^ ) 
+ d d(STx , Sz) + d d (Sz , ASX2J^^-J_) 
+ e d(SSx2^^-j_,Sz) + e d (Sz , STx^^) + e dCSTx2^,Tz; 
T h e r e f o r e , 
( 1 - b - c ) d(ASx2^_^^,Az) <. (a+c+e) dCSSx^^,^^-^, Sz) 
+ (a+b+c+d) d ( S z , -^^pj^^^^) 
+ (b+d+e) d (Sz , STXp^ )^ 
+ (b+d+e) d(Tz, STX2J,), 
—> Az as n > <». Hence which i m p l i e s t h a t ASx- -,— 
Sz = Az. S i m i l a r l y , one can prove t h a t Tz = Az. Using t h e 
commuta t iv i ty of S and T w i t h A, i t fol lov/s t h a t TTz = 
TSz = SSz = SAz = ASz = AAz we a l s o have 
d(Az, AAz) ^ d(Az, ASx2^^-j_) + d C ^ ^ 2 n + l ' ^"^^ 
< d(Az, ASX2„^^) + a dCSSx^^^^, ASx^^^^) 
+ b d(TAz, AAz) + c ^(SSx^^^^-j^, AAz) 
+ d d(TAz, ASX2JJ^-J_) + e d iSSx^^^^,Tk-z:) 
:< d(Az, ASx j^j^ j^^ ) + a dCSSx^^^^^ ,^ Sz) 
+ a d(Az, ASX2JJ^3^) + c d(SSx2^^-L, Sz) 
+ 0 d(Az, AAZ) + d d(AAz, Az) 
Thus l a s t i n e q u a l i t y y i e l d s 
( l _ c - d - e ) d(Az, AAz) :< ( l+a+d) d(Az, ASX2J^_^-L) 
+ (a+c+e) ^(SSXp^^-].' ^^^ • 
Letting n > «>, we get d(Az, AAz) = 0. This means that 
(Az, AAz) e V. As X is Hausdorff and V is arbitrary, it 
folla^s that AAz = Az. Exactly in the same way, one can 
prove that SSz = SZ and TTz = Tz. Now Sz,= Tz = Az implies 
that S,T and A have a common fixed point. To prove the unicity 
of common fixed points of A and S, suppose that z-, and z^ 
are two distinct common fixed points of A and S. Choose any 
V e G. Then (Az,,Sz^) = (z^ ,z-|^ ) e V and (Az2, SZ2) = 
(z^fZp) e V. By Lemma 3.1.1 (ii) and Lemma 3.1.1 (iii), this 
implies that {z-,, z-) e (a+b+c+d+e) 'V<:Z- V. As V is arbitrary 
we get z, = Zp. Exactly with same repeated argTjments one can 
prove that S and T have a unique common fixed point. Now 
combining the unicity of A and S together with S and T, 
v/e at once conclude that A, S and T have a unique common 
fixed point. 
This ocompletes the proof. 
REMARK 3.3.5. If we put S = T in Theorem 3.3.2 we get 
Corollary 3.3 of Khan [29]. 
REMARK 3»3»6. For S = T = Identity mapping, we get a taniform 
space version of a fixed point theorem due to Hardy - RoKersr2ll 
REMARK 3 . 3 . 7 . If we t ake c = d = 0 in Theorem 3 . 3 . 2 , we 
get the r e s u l t of Khan-Fisher [30] . 
The following i s an extension of I s ek i s [23] r e s u l t 
t o uniform spaces. 
THEOREM 3.3.3 [ 3 l ] . Let {T } be a sequence of self-mappings 
of X sa t i s fy ing : for any V^ e G ( i = 1,2, . . . . 5) and x,y e X, 
(x ,y) £ V-j^ , (x, T^x) e V2, ( x , T^y) e V^, (y , T^x) e V^, and 
(y,Tjy) e V^  implies (T^x, T^y) e a V^o b V^o C V^o d V^o eV^, 
where a , b , c , d , e > 0, a+b+c+d+e < 1 , c = d. 
Then [T } have a unique common fixed po in t . 
Proof. Following the argument of Theorem 3 . 3 . 2 , one can prove 
d(T^x,Tjy) <: a d(x,y) + b d(x,T^x) + c d(x,Tjy) 
+ d d(y,T^x) + e dCy.T^y) . 
Let x e X be an a r b i t r a r y p o i n t . Now def ine a sequence 
{x^l by pu t t ing x^ = T ^ x ^ ^ , (n = 1,2, ) . 
By a rout ine c a l c u l a t i o n , we e a s i l y conclude t h a t 
sequence {x } converges t o some point z i n X. For t h e 
po in t z 
d(z,T^z) <^ d(z,x^^^) + d(T^^^ x^, T^z) 
s< ^^^-»^m+l) + ^ d^^m'^> "• ^ ^ ^ ^ m » \ + l V 
+ c d (x^, T^z) + d d(z,T^^,x^) 
Letting m — > », we get 
ci(z,T z) ^  (c+e) d(z,Tj^z) a contradiction and hence 
d(z,T z) = 0 . This means that (z,T^z) e V. As X is Haus-
dorff and V is arbitrary, it follows that T^z = z is a 
common fixed point of all T . Uniqueness of common fixed 
point follows easily, v/ 
The following results were obtained by Ganguly [l6] 
We record some definitions. 
DSFINITION 3.3.1 [16]. A triplet of mappings (P,Q,T) of a 
uniform space X is called quasi>contraction if , 
d^(Px,Qy) ^ q^  max {d^(Tx,Ty), d^(Px,Tx), d^(Qy, Ty), 
1/2 [d^(Px,Ty) + d^(Qy,Tx)]} 
for all x,y eX, \ e I, q < 1 . 
DEFINITION 3.3.2.. [161. A triplet (P,Q,T) is called a gene-
ralized contraction if, for all x,y s X, X e I, 
d^(Px,Qy) ^ a^d^(Tx,Ty) + b^d^(Px,Tx) + c^d^(Qy,Ty) + 
+ e^ dj^ (Px, Ty) + f^d^(Qy,Tx) 
o < a^ + b^ + c^ + e^ + f^ < 1 and e^ = f^ . 
THEOREM 5.3.^ [l6]. Let (X,'(j^  ) be a sequentially complete 
Hausdorff uniform space and (d, : X e 1} = A ( ?X) • Suppose 
A. 
QT = TQ and P(X) U Q ( X ) C T ( X ) . If T i s continuous and 
the t r i p l e t (P,Q,T) i s a quas i - con t rac t ion , then P,Q and T 
have a unique common fixed po in t . 
Proof, Pick X e X. Let {x } be a sequence in X such t h a t 
^^2n-^l = ^ 2 n ' T^2n+2 = ^2n- . l» " = 0 ' 1 ' 2 , . . . . This i s 
always poss ib le as P(X) U Q(X)C. T(X). Now from Def. 3 . 3 . 1 , 
we have d^CTx^^+i* Tx^) < q^d^(Tx^, Tx^_^) , so t h a t {Tx^} i s 
a Cauchy sequence and converges t o some z e X. Consequently 
^^2n ^ ^ ' ^^2n ^ ^ ^^^ ^ 2 n + I ^ ^* ^^ ^^® con t inu i ty 
of T and the fact t h a t PT = TP, i t follows t h a t TTx^^ > T^ 
and TPx ^^  > Tz and PTX2^ = T Px^^ ^ > Tz. Taking x = Tx2n 
and y = z in Def. 3 . 3 . 1 and making n > » , we get 
d^(Px,Qz) ^ q^d^(Qz,Tz) so t h a t Tz = Qz. S imi la r ly , Tz = Pz. 
Again, tak ing x = x„ and y = z in Def. 3 . 3 . 1 , we can show 
t h a t z = Qz = Tz = Pz. The uniqueness of z ea s i ly fo l lows. ^ 
A s l i g h t g e n e r a l i z a t i o n of t he preceding theorem i s 
s t a t e d in [16] as fo l lows. 
THEOREM 3.3.5 [ l 6 ] . Let (X,1X) ^^ a s equen t i a l l y complete" 
Hausdorff xmiform space and {d^ : X e 1} = A ( 1 ^ ) . Suppose 
t h a t P,Q and T are mappings from X t o i t s e l f such t h a t PT = 
TP and QT = TQ. If t h e r e e x i s t s p o s i t i v e i n t ege r s p , q and t 
such t h a t T i s cont inuous, 
P(X) U Q(X) ^ T^(X) and (P^ , Q^ T ^ ) - t r i p l e t i s a q u a s i -
con t r ac t ion , then P,Q and T have a unique common f ixed p o i n t . 
The following r e s u l t has been repor ted (without proof) 
in [ 56 ] . 
THEOREM ^ , 3 . 6 [56] . Suppose X i s a s equen t i a l l y complete 
Hausdorff space and P,Q,S,T : X—> X having the proper ty 
t h a t for every d. eA(I jy)^there i s a constant q e (0 ,1 ) such 
t h a t 
d^{F:xfly) <. q max {d^(Sx,Ty), d^(Px,Sx), dj,(Ty,Qy)^ 
1/2 d^(Sx,Qy), 1/2 d^(Px,Ty)} 
for all x,y in X. If S and T are continuous, PS = SP, 
PT = TP, QS = SQ, QT = TQ, TS = ST and PT(X) U QS(X)C. TS(X), 
then P,Q,S and T have a unique common fixed point. 
The following result have been reported (without proof) 
in [55]. 
THS0RSI4 5.3.7 [55]. Let X be'a Hausdorff space and {Sj^}j^g.j^: X -X 
If for every d, e A('^^ ) there exist a constant q^  e (0,1) and 
a mapping T ; X — > X such that S.WcZ. T(X) , i e N, for 
each x,y e X, i,o e N (i ^  j)j 
(i) \^^ 2j^ x,S^ y) ;^  q^^ max {d^(Tx,Ty), d^(S^x,Tx)^ 
d^(Sjy,Ty)^ 1/2 d^(S^x,Ty), 1/2 d^ (Sj-y,Tx)} 
( i i ) T(X) i s a s e q u e n t i a l l y complete subspace of X 
( i i i ) each S. commutes with T 
then T and the family {S-} have a lonique coEmon fixed po in t . 
REMARK 3 .3 .8 [55] . By su i t ab ly choosing {S^} and T we 
ob ta in r e s u l t s of Singh-Mishra [5^-] and Tarafdar [57] . 
Singh-Mishra [53] obtained t h e following r e s u l t s . 
THSOREM 3»3.8 [53] • Let S and T be commuting mappings 
of a s equen t i a l l y complete Hausdorff uniform space X i n t o 
i t s e l f such t h a t for V^ e G ( i = 1 , 2 . . . . 5 ) and x,y e X^ 
(Sx,Sy) e a V^  o b V2 o c V, o d V^ o e Vc 
i f (Sx,Tx) e V^, (Sy,Ty)e Y^y (Sx, Ty) e V^, (Sy,Tx) e V^ 
and (Tx,Ty) e V^, 
where a , b , c , d , e are non negative r e a l numbers wi th c = d and 
0 < a + b + c + d + e < l . 
There e x i s t s a sequence {^n^n^N ^^"^^ '^^n+1 ^ '^ ''^ n ^ ° ^ ^^'^ 
n e N. I f T i s continuous then S and T have a unique common 
fixed po in t and the sequence {Tx^} converges t o the same 
common fixed po in t . 
Proof. The proof i s s i m i l a r t o t h a t of Theorem 3 . 3 . 1 , hence 
omit ted . 
A fixed point theorem for a mapping in uniform space 
w i th a con t r ac t i ve i t e r a t e s due t o Pan;) a-Ba i s nab [43] i s given bel<>' 
THEOREM 3.3 .9 [43] . Let (X,XX ) ^e ^ s e q u e n t i a l l y complete 
Hausdorff uniform space. Suppose T : X—> X i s continuoiis , 
n : X—> N ( se t of a l l p o s i t i v e i n t ege r s ) i s continuous and 
f o r any V e '(_^ wi th ( x , y ) s V t h e r e e x i s t s x ( x , y ) w i t h 
0 < X ( x , y ) < 1 such t h a t (T^^^ '^x) , T'^^^^(y)) e x ( x , y ) V . 
I f t h e r e i s a convergent subsequence {^n.} of {x ; x -j^  = 
T " ^ ^ ^ ' ^ ( X ) , X e X} , converg ing t o an e l emen t z e X, t h e n 
z i s t h e un ique f ixed p o i n t of T and l i m x = z . 
In an a t tempt t o o b t a i n t h e uni form space ana logue 
of Theoremi (Leader C3M) » Babu - M a i t i [M . proved t h e 
fo l lowing : 
THEOREM 3 . 3 . 1 0 [ 4 ] . Let T be a s e l f map of a uniform space 
(X, 1,1^)' Suppose, f o r some f ixed U e ^ and f o r any V e (_X/ 
such t h a t V C. U^"there e x i s t s an i n t e g e r m = m(V) such t h a t 
T2"(U) C ^ for n >^ m. 
I f (x ,Tx) e U, t h e sequence of i t e r a t e s {T"X} i s 
Cauchy and, f u r t h e r , i f t h e graph of T i s comple t e , t h e n 
{T"X} converges to a f i xed p o i n t of T. 
h. CONVERGENCE OF MAPPINGS AND THEIR FIXED POINTS 
Suppose T, T-,, Tp, . . . a r e maps of X i n t o i t s e l f 
w i t h f i x e d p o i n t s i , ^ , , ^^, . . . . r e s p e c t i v e l y . Does t h e 
convergence of t h e sequence of mappings {^ } converg ing 
t o T p o i n t w i s e a n d / o r un i formly t o T imply t h e convergence 
of t h e sequence {^  } t o ^ ^ The q u e s t i o n has been answered 
i n t h e fo l lowing r e s u l t s : 
We beg in wi th t h e lemma. 
LSr#IA 3 « ^ . l [ 2 ] . Let a^ = a + ^X and a^ = a + 3a^__^(n = 2 , 3 , 
1-KX 
where a, X are positive and 0 ^  p < 1. Then a < y—g- for 
large values of n. 
The following resiiLt is due to Acharya [2] . 
THEOREM 3.^.1 [2]. Let (X,]_|^ ) be a Haxisdorff \aniform space. 
Let T, T-j, Tp .... are mappings of X into itself with fixed 
points tf i-,* ^2 ••' respectively. Further suppose that 
{T } converges, uniformly to T on the set A = (S, I-,, . . . . } . 
If T is contractive (see Def. 3.1.9) then {g^} converges to i . 
Proof. Let V be any member of G. Since {T^ }^ converges 
uniformly to T, there is a positive integer N such that 
n >^ Nm> (T^x, Tx) e V for all x e A. 
In particular, 
3.^.1.1 (T^ i^, n^) e V for all n ^ N. 
Take any n >/ N.By Lemma 3 . 1 , 3 , we can choose a \ > 0 
such t h a t 
( 3 . ^ . 1 . 2 ) (^^, 1) £ \V . 
Since T i s c o n t r a c t i v e , we have 
( 3 . 4 . 1 . 3 ) in^, TS) e a(\V) = (aX) V, 
where a is the Lipschitz constant of T. By (3.4.1,1) and 
(3.4.1.3), 
{3.^.1,^) i^^,^) = ^ Vn'^'^ " Vo[(a\)Vj C (1+^X) V = a-^ V, 
where a, = l+a\ . 
Using (3.^.1.^) in place of (3.^.1.2) and proceeding 
as above we deduce 
(§j^ ,l) e a-V, where a- = 1+aa^. 
In general, we have 
^^n'^) = ^ n^ ^^®^^ % = ^ + ^ ^n-1 • 
Since 0 < a < 1, by Lemma 3,i+.l, we have 
1+1 2 
a_ < 
" 1-a 1-a 
for large values of n. 
Therefore we have 
2 
(^ ,^U e V for all n X N . 
" 1-a 
Since V is arbitrary, {§ } converges to I . 
% 
THEOREM 3.^ .2 [2]. Let T in Theorem 3.^ .1 satisfy the condi-
tion : For any V-, , Vp e G and x,y in B, where 3 = {§} UA 
(x,Tx) e V^,(y,Ty) e \'=^ (Tx,Ty) e aV^o a Y^, 
where a is independent of x,y,V, ,V2 and a > 0. Then {g } 
converges to S. 
integer N for which (3.^.1.1) holds 
Take any n ^ N. Then 
^ ^ n ' V n ) = ^ V n ' ^^n) ^ "" 
Also, {t,n) = ( S , 0 e V. 
Therefore by the given condition 
(3.^.2.1) (T^^,TO £ a V o a V C. (2a)V 
From (3.^.1.1) and (3.^.2.1), we have for n X N 
'/ 
(e„,0 = CVn'^^^ ^ "^  ° L(2a)V] d (l+2a)V . 
Since V is arbitrary, {i } converges to i . 
This completes the proof of the theorem. 
THEOREM 3.^ »3 [2]. Let T in Theorem 3.^ .1 satisfy the condi-
tion : For any V-,, Vp in G and x,y in B, 
(x,Ty) e V^, (y,Tx) e V^ => (Tx,Ty) e a V^ o^ a V^, 
where a is independent of x,y,V-j_,Vp and 0 < a < 1/2. 
Then [i } converges to ^ . 
If the mappings {T } converges pointwise to T, the 
conditions of convergence of {^  } is studied in the following 
theorem. 
First we give the necessary definition. 
DEFINITION 3 . ^ . 1 [ 2 ] - Let ( X , ' L t ) be a uniform space and 
( T } a sequence of mappings of X i n t o i t s e l f . 
We say t h a t (T } p o s s e s s e s t h e p r o p e r t y (P) i f f o r each 
X e X t h e r e i s an a , (0 < a < 1) and a W eG such t h a t 
f o r every V in G^  
y , z e W C^x] and ( y , z ) e V=> (T^y,T^z) e a^V, (n = 1 , 2 , . . ) 
Now we have the following theorem due to Acharya [2]. 
THEOREM 3.^.^ [2]. Let (X,1X ) be a locally compact uniform 
space and let T,T-,,T2, be all contractive (see Def. 3.2.1). 
If (T } converges pointwise to T on X, (^  } converges to §. 
Proof. Since X is locally compact loniform space, we can 
find a member W of G such that W[S] is compact. Let V be 
any member of G, Choose U in G with 3 U C V. 
Now the family 
'^ = {U[x]; X € W[S]j 
i s an open cover of W{S}. 
Since W[S] i s compact, we can s e l e c t a f i n i t e number 
of members 
uCx^], \5[x^] U[Xj^], (x^ e W[§], i = 1 , 2 , . . . k ) 
such t h a t t h i s f i n i t e fami ly a l s o covers W[§]. 
S ince {T } converges po intwise t o T on X, 
Tj^ x-—>. Tx^ (i =1,2, . .. ,k) as n > «> . 
So for the member U in G, and the finite number of 
points X-,, Xp X, , there is a positive integer N such 
that 
(3.4.4.1) n >^ N = » '^^ n^ i» "^ i^^  £ U, (i = 1,2, , k). 
Take any n ^ N. Let x e W [ ^ ] , t h e n x e U[x.] f o r 
some i (1 ^ i ^ k) s o t h a t ( x , x . ) e U. 
S ince T and T a r e c o n t r a c t i v e , 
( 3 . A . 4 . 2 ) (Tx, Tx^) e aU 
and 
( 5 . 4 . 4 . 3 ) (T^x, T^x^) e a^U, 
where a and a a r e L i p s c h i t z c o n s t a n t s of T and T r e s p e c t i v e l y . 
So from ( 3 . 4 . 4 . 1 ) , ( 3 . 4 . 4 . 2 ) and ( 3 . 4 . 4 . 3 ) , 
(TjjX,Tx) e aCnU o a U c l (l+a+a^^) U C 3 U C V. 
This gives that {T x} converges uniformly to T on W[g]. 
Next let Uo e G with Uo (Z, W. Choose V = (l-a)Uo where "Uo 
is the closiare of Uo in X x X relative to the product uniform 
topology. Corresponding to V determine a positiye integer N 
for which 
(3.4.4.4) n ^ N=> (TjjX,Tx) e V for all x e W[^]. 
Now l e t X e U[4] so t h a t ( x , U ^ UQ. Then fo r n ^ N 
( T ^ x , 0 = ( T ^ X , T O e VO a UO = ( l - a ) u"o o "Do ^ Uo . 
This shows t h a t T maps Uo [&] i n t o i t s e l f f o r n :^  N. C l e a r l y 
Uo[^] i s compact and as such i t i s comple te . Then f o r each 
n :>, N, T must have t h e unique f i xed p o i n t T|^^ in Uo[^] . 
Using c o n t r a c t i v i t y of T , we can deduce t h a t 
n n =^n^°^ 1^1 "^ ^^ -
Thus 
( 1 , ^ ^ ) £ "Uo f o r n :>, N. 
Since Uo is arbitrary, {S„} converges to ^ . ^, 
THEOREM 5.^ .5 [2]. Let (X,|X) ^^ L^ locally compact loniform 
space, and let the sequence T, T^, Tp, .... of mappingfof X 
into itself possess the property (P) with only fixed points 
I, i-,* ^2 ' "" rs^P6^"^ively. 
If [T } converges pointwise to T on X, then (I } 
converges to i. 
Proof. Since the sequence T,T-,, Tp, .... of mappings posse-
sses the property (P), there is a member W in G and an a, 
(0 ^  a < 1), such that for every V in G, 
y,z e V[S] and (y,2) e V=^ 
(3.^.5.1) (Ty.Tz) e aV 
and 
(T^y,Tj^z) e a V, (n = 1 , 2 , ) . 
S ince X i s l o c a l l y compact, we can f ind a member U 
in G w i t h U cS V/ such t h a t t h e s e t U[^] i s compact , where 
U i s t h e closxore of U i n X x X r e l a t i v e t o t h e p r o d u c t u n i -
form t o p o l o g y . 
Proceeding as i n Theorem 3 . ^ . ^ . we can show t h a t {T x} 
converges uniformly t o Tx on U [ ^ ] . 
Take any member Uo of G w i t h Uo CT: S- U, (O < 9- < 1 ) . ' 
Then t h e r e i s a p o s i t i v e i n t e g e r N such t h a t 
n >, N=;> (T^x, Tx) e ( l - a ) Uo f o r a l l x e "uC^] . 
Let X e 1 J O [ U • Then f o r n :>, N 
(T^x,^) = (Tj^x,Tf] e ( l - a ) Uo o a TJo C. "Uo . 
Thus each T^ (n >^ N) maps Uo [^] i n t o i t s e l f . C l e a r l y U[^J 
i s compact and as such i t i s comple t e . By ( 3 . A ^ . 5 . l ) , each 
T i s c o n t r a c t i v e on U o [ 0 
[v"uo c- ©-u"cs u d w] 
Therefore T^Cn >^ N) has on ly one f i xed p o i n t Tjl i n 
Uo[^ ] . S ince T^ has J u s t one f i x e d p o i n t i n X, we have 
^ n = ^ n ' ( " > . N). So 
( S Q , O e Uo f o r n ^ N 
Hence {^  } converges t o i . 
THBOREM 3 . ^ . 6 [ 2 ] . Let T, T^, T^, be a l l c o n t r a c t i v e 
on t h e s e t B= {t , t-,, tpt . • • • } which i s compact. I f {T } 
converges p o i n t w i s e t o T on t h e s e t B t h e n (s } converges t o ^ . 
Proof . Let V be a member of G. Then we can f ind a n o t h e r 
member U in G w i t h 3 U C V. 
Then t h e fami ly 
^ = {U[x]; X e B} 
i s an open cover of B. S ince B i s compact we can s e l e c t a 
f i n i t e ntimber of s e t s 
U[x-j_j , U [X2] , . . . U[x^] , (x^ e B, i = 1 ,2 , . . . k ) . 
Take any n ^ N. Then i f x £ B, x e U[x^] f o r some i , ( 1 ^ i ^ k) 
so we have 
(T^x,Tx) e a ^ U o U o a U c 5 U C : V . 
Using Lemma 3 . 1 . 3 , we can choose a X > 0 such t h a t 
Now 
U^, O £ X V . 
( I ^ ' O = {TJ^, TO e V o a[AV] 
C ( l + aX)V. 
Then proceeding as in Theorem 3.^.1* we deduce 
2 
(^ ,^U e V for n X N 
" 1-a 
u — f t > • 
Mishra [38] proved the following theorem which gene-
r a l i z e s t he Hardy-Rogers [21] and I sek i [23] r e s u l t s . He 
assumes t h a t each mapping has a fixed po in t . 
THEOREM 3«4.7 [38] . Let {T^} be a sequence of mappings of 
X i n to i t s e l f with a t l e a s t one fixed point t^ for each 
n = 1,2,3 . . . . Suppose t h e r e are non-negative r e a l numbers 
a , b , c , d , e with c+d+e < 1 such t h a t for each V.e G 
( i = 1,2, . . . 5) and x ,y s X^ 
( 3 . ^ . 7 . 1 ) (T^^»T^y) e a V-j^ o b V^o c V^o d V o^ e V^  
i f (x,T^x) e V^, (y.T^y) e V^, (x , T^y) e V^, 
(y,T^x) e V^ and (x ,y) e V^. 
If the sequence (T } converges pointwise t o a mapping T : X > 
with fixed point S, then the sequence (^ } converges t o 5 . 
Proof. Let V e G be a r b i t r a r y . Denote by d a Minkowski's 
pseudometric of V so t h a t V = V/^ j^y Let x ,y e X. We 
wr i t e d(x,T^x)=r^, d(y,T^y) = r^, d(x,T^y) = r^ , d(y,TjjX) = r^ 
and d(x ,y) = r^. Take e > 0. Then 
(x,T^x) e V(^^^^^^), (y,T^y) e V^cl.r^+e)' ^ ^ ' V > ^ ^(d , r3+e) 
( y , V ) e V(^^^^^^) and (x ,y) e \a,r^^z). 
Using condi t ion ( 3 . ^ . 7 . 1 ) , Lemma (3 .1 .2 ) and a rou t ine c a l c u -
l a t i o n (cf . Mishra [37j) we get 
( 3 . ^ . 7 . 2 ) d(T^x,T^y) ^ a d(x ,T^x) + b d(y ,T^y) + c d (x ,T^y ) 
+ d d(y ,T^x) + e d ( x , y ) 
Now, 
Using c o n d i t i o n ( 5 . ^ . 7 . 2 ) and t h e f a c t t h a t ^(^^^^^,5^^) = 0^ 
we g e t 
( 3 . ^ . 7 . 3 ) d ( ^ ^ , | ) ^ ( ) d ( T ^ ^ , T O -
1 -c -d -e 
Since (T } converges p o i n t w i s e t o T, f o r £ > 0 and 
a p o i n t ^ £ X, t h e r e i s an N such t h a t f o r n :^  N we have 
1 -c -d -e 
( 3 . ^ . 7 . 4 ) d(T fc.TO < ( ) e . 
" 1+b+c 
From ( 3 . A . 7 . 3 ) and ( 3 . ^ . 7 . 4 ) we g e t 
This shovs t h a t (^ , | ) e V. S ince V i s a r b i t r a r y and X i s 
Hausdorff , i t fo l lows t h a t {I } converges t o ^ . Th is comple t e s 
t h e proof , y, 
EXAMPLE 3 . 4 . 1 [ 3 8 ] . Let X = [ 0 , 2 ] w i t h t h e u s u a l u n i f o r m i t y . 
Let tis d e f i n e T^: X > X as 
X 
T (x) = 1 + f o r a l l x e X, n = 1 , 2 , . . . . . 
2n+2 
2n+2 
I = for each n = 1,2, . . . . 
" 2n-.l 
Now, Ixmb^ = 1 . ALSO T(x) = limT^Cx) = 1 
and 1 i s the only fixed po in t of T. Therefore, t h e condi t ions 
of Theorem 3 ,4 .7 . holds . I t can be eas i ly seen t h a t wi th t he 
proper choice of the cons tan ts a , b , c , d , e , T s a t i s f i e s t h e 
condi t ion ( 3 . ^ . 7 . 1 ) . 
THBOREI'-l 3.4.8 [38]. Let {T^} be a sequence of mappings of 
X into itself with atleast one fixed point i for each 
n = 1,2, .... Let T : X > X be a mapping with a fixed point 
I such that for V. e G ( i = l , ...5) and x,y e X, 
(3.4.8.1) (Tx,Ty) e a V^o b V2O c V^o d V^o e V^ , 
i f (x,Tx) e V^, (y,Ty) e V^, (x,Ty) e V^, (y,Tx) e V^ and 
(x ,y) e Vj- where a , b , c , d , e :^  0 with c+d+e < 1. I f the 
sequence (T } converges xxniformly t o T, then t h e sequence 
{i^} converges t o S. 
Proof. Let V e G be a r b i t r a r y and d be a Minkowski's 
pseudometric of V. Take x ,y e X. Then using the technique 
of Theorem 3 ,4 ,7 , i t can be shown t h a t 
( 3 . 4 . 8 . 2 ) d(Tx,Ty) ^ a d(x,Tx) 4- b d(y,Ty) + c d(x,Ty) 
+ d d(y,Tx) + e d(x,y) . 
We have 
d(£ . 0 = d(T„^„,TO 
Using (5 .4 .8 .2 ) and a rou t ine ca lc i j la t ion gives 
(3.4.8.5) d(5„,J) ^ { i ^ ) d(V.„, TS^ ) 
1-c-a-e 
Since {T } converges uniformly to T, for e > 0 there is an 
N such that for all n X N we have 
(3,4.8,4) d(T^^, n^) < ( ) e. 
l+a+d 
Using (3 .4 .8 .3 ) and ( 3 . 4 . 8 , 4 ) and t h e arguments of Theorem 
3 . 4 . 7 , i t follows t h a t {| } converges t o i. This completes 
t h e proof, y, 
SXAHPL5 3,4.2 [38] . Let X = [0 ,2] wi th t he usual uniformity . 
Define T^ : X > X as 
1 " 
T (x) = n + ( ) x» for a l l xeX, n = 1,2 
^ 2n+l 
Then the fixed point of T is given by 
2n+l 
£ = for each n = 1,2, .... 
" n(n+l) 
Now, ILm^^ = 0. Also, T(x) = l in7T^(x) = 1/2 x and x = 0 is 
t h e unique fixed point of T. Therefore the condi t ions of 
Theorem 3 .4 ,8 holds. 
REt-lARK 3 , 4 . 1 . If we assume a , b , c , d , e t o be t he funct ions 
of X and y i . e . a = a ( x , y ) , e t c , wi th t h e condi t ion 
Sup {a(x,y) + b(x,y) + c (x ,y ) + d(x,y) + e (x ,y)} = X < 1 
x,yeX 
in Theorem (3.4.7) and Theorem (3.4.8) we get Theorem 2 and 
Theorem 3 of Rhoades [^ ^8] . 
The convergence of mappings and t h e i r fixed po in t s 
for a p a i r of sequences of se l f mappings are s tudied below. 
F i r s t we give the r e s u l t s due t o Khan [29 ] . If a p a i r of 
mappings (S,T) s a t i s f i e s a l l t he hypothesis of Theorem 3 .3 .1 
as a Jungck's general ized con t rac t ion p a i r on the uniform 
space X. If (S,T) a l so s a t i s f i e s t h e condit ion ( 3 . 5 . 1 . 2 ) 
of Theorem 3 .5 .1 wi th respect t o the metr ic d, then we say-
t h a t (S,T) i s a Jungck's general ized con t rac t ion p a i r on t he 
metr ic space (X,d) . Now we have the following : 
THaORSM 5.^.9 [29] . Let {S^} and {T^} be two sequences 
of self-mappings on X such t h a t (S^, T^) for each n be a 
Jungck 's general ized con t rac t ion p a i r on X. I f S and T are 
t h e pointwise l i m i t s of the sequences {S^} and {T^}» respec t ive ly 
such tha t (S,T) i s a Jungck's genera l ized con t r ac t ion p a i r 
on X. Furthermore, i f a = b then the sequence {^  } of unique 
common fixed points of S and T converges t o the unique common 
fixed point | of S and T. 
THEOREM 3«^.10 [29] . Let {S^} and {T^} be two sequences of 
self-mappings on X. I f S and T are uniform l i m i t s of {S^ }^ 
and {T } , r e spec t ive ly , such t h a t (S,T) i s a Jungck's genera-
l i z e d con t rac t ion p a i r on X, and a l so a = b , then the sequence 
{g } of common fixed points of S^ and T^ (provided g^ 
e x i s t s for each n) converges t o the unique common fixed poin t 
^ of S and T. 
THSORSM 3.^.11 [29 ] . Let {S^} and {T^} be tv/o sequences of 
self-mappings on X such t h a t (S^,T^) i s a Jungck's genera l ized 
cont rac t ion pa i r on X for each n. Let S and T be pointwise 
l i m i t s of (S } and {T } , r e spec t ive ly . If T i s continuous 
' n n n 
for each n and t h e sequence [i } of unique common f ixed 
po in t s of S and T has a subsequence {^n<) converging t o 
§, then i i s the unique common fixed point of S and T. 
The proof of the Theorems 3.^.9 - 3 .^ .11 can be cons-
t r u c t e d on the l i n e s of t h a t of Theorem 3 . 3 . 1 , hence omit ted. 
Let S and T be commuting s e l f mappings of X such 
t h a t T i s continuous, S(X)c:iT(X). If for any V^^ e G 
( i = 1,2, . . . 5) and x,y e X 
(Tx,Sx) e V-j^ , (Ty,Sy) e V^, (Tx,Sy) e V^, (Ty,Sx) e V^, 
(Tx,Ty) e V^  implies 
(Sx,Sy) e a V^o b V2O c V o^ d V^o e V^  
for some non-negative functions a = a(x ,y) e t c . s a t i s f y i n g 
(a+b+c+d+e) ^ q < 1 . Then (S,T) i s ca l l ed a Jungck's quasi 
con t rac t ion p a i r . 
For t r i p l e t of mappings Khan-Imdad [31] obtained t h e 
following res Tilt. The proof can be const ructed on t h e l i n e s 
of Theorem 3 .3 .2 , hence i t i s omitted. The r e s u l t i s as 
f o i l ows, 
of self-mappings on X converging uniformly t o self-mappings 
A,S and T on X, r e s p e c t i v e l y . Suppose t h a t for each n :^  1 , 
X i s a common fixed po in t of A and S ,and y i s a common n n n n 
fixed point of A^ and T^, Fur ther , l e t A^S and T s a t i s f y 
condi t ion ( iv) of Theorem 3 . 3 . 2 . If x i s t he common fixed 
point of A,S and T, then x > x and y > x , 
n o n o 
THEOREM 3.^.13 [31]. Let {A^}, {S^} and {Tj be the 
sequences of self-mappings whose uniform limits are A,S and 
T, respectively. If A,S and T satisfy condition (iv) of 
Theorem 5.5.2, then the sequence {^v,} o^ unique common fixed 
points of A^, S and T converges to the unique common fixed 
point X of A, S and T. 
THEOREM 5 . ^ . 1 ^ [16] . Let (X,7X) ^^ a sequen t i a l ly complete 
Hausdorff uniform space and (d : \ e l} = A'^ (IJL) . Let (P }, (Q } 
\ *• n' ' n' -
and {T^} be sequence of mappings from X to i t s e l f such t h a t 
t h e t r i p l e t (P^^, Q^, T^) i s a quasi -contract ion (see Def. 
3 .3 .1) with a control cons tan t fixed (q ) for a f ixed X 
A. n 
and for each n = 1,2, I f P,Q and T : X—> X are point 
wise l i m i t of P^^ , Q^ and T^ ^ r e spec t ive ly , and i f (q ) —> q < i , 
then (P,Q,T) i s a quas i -con t rac t ion with q^  . Furthermore t h e 
A 
sequence of the unique common fixed point t of P . Q and T 
n n' n n 
converges to the unique common fixed point ^ of P,Q and T. 
RSMAf^  3 . ^ . 2 . For t h e t r i p l e t ( P , Q , T ) , a g e n e r a l i z e d c o n t r a c -
t i o n ( s e e Def. 3 . 3 . 2 ) i n Theorem 3 . ' ^ . ! ^ , we ge t t h e r e s u l t due 
t o Singh-Mishra [5^] . 
The fo l lowing theorem i s a g e n e r a l i z a t i o n of Theorem 
3 . ^ . 7 . We assume two sequences of mappings {S^} and {T^} 
having a common f ixed p o i n t S , t h e resx i l t s a r e due t o S i n g h -
Mishra [53] . 
THEOREM 3 .^ .15 [ 5 3 ] . Let S and T^ be mappings on a Hausdorff 
uniform space X w i t h a t l e a s t one common f i x e d p o i n t ^^ for 
each n = 1 ,2 , . . . . Suppose t h a t t h e r e a r e non -nega t ive r e a l 
numbers a , b , c , d , e w i t h c+d+e < 1 such t h a t f o r V. e G and 
x , y e X 
( i ) (S^x, S^y) e a V^o b ^^o c V^o d V^o e V^, 
i f CS^x.T^x) e V-j_, (S^y , T^y) e V^, (S^x , T^y ) e V^, 
(S^y,T^x) e V^ and (T^x, T^y ) e V^. I f t h e sequences {S^} 
and ( T } converge p o i n t w i s e r e s p e c t i v e l y t o mappings S,T : X > 
w i t h common f i xed p o i n t 5 , t h e n {1^^} converges t o g, t h e lonique 
common f i xed p o i n t of S and T. 
Proof . The proof can be g i v e n fo l l owing t h e t e c h n i q u e of 
Theorem 3 . ^ . 7 . y / 
EXAMPLE 3 . ^ . 3 . Let X = [ 0 , 2 ] w i t h t h e tasual i m i f o r m i t y . Def ine 
^ n ' "^ n • -^  ^ •^  ^^ fo l l ows : 
X (n+1) x 2 
S^x = .1 ^ - _ , T^x = + 
2n+^ n+2 2n+3 
for all X £ X and n = 1,2,3, .... Then the common fixed point 
i^ of S^ and T^ is given by 
2n+4 
t = ; n = 1,2, .... 
" 2n+3 
Also S = lim S X = 1, Tx = lim T x = x, and t = lim ^^ = ^ 
is the unique common fixed point of S and T. It can be seen that 
S^ and T^ satisfy conditions of Theorem 3.'+.15 with the proper 
choice of constants a,b,c,d,e. In particular with a = b = c = 
d = 0 and e = 1/2. 
THEOREM 3«^.lb [53]. Let S^ and T^ be mappings on a Hausdorff 
ijniform space X with atleast one common fixed point S^ for 
each n = 1,2, .... Let S,T : X > X with common fixed point 
i be such that for V^ e G (i = 1,2, ... 5) and x,y e X 
(i) (Sx,Sy) e a V^o b V^o c V^o d V^o e V^, 
if (Sx,Tx) eV^, (Sy,Ty) e Y^, (Sx,Ty) e V^, (Sy,Tx) e V^ 
and (Tx,Ty) e V^, where a,b,c,d,e are non negative real 
numbers with c+d+e < 1. If {S^} and {T^} converge uniformly 
to S and T respectively on {^^ * then {1^} converges to S 
uniquely. 
Proof. The proof can be constructed on the same line as in 
Theorem 3.^.7. -^ 
EXAMPLE 3.4.^. Let R be the extended real line with the 
oo 
usual uniformity. Define S^ and T^ from R^ to R^ as follows : 
2n^-n+l n^-3n ^n+1 3n 
^ (n+l)2 (n+1)^ " n+1 (n+l)^ 
for all X e R and n = 1,2, .... The common fixed points 
^j^ of S^ and T^ are given by i^ = ^ j ^ , n = 1,2, . Also 
Sx = lim S X = 2x, Tx = lim Tj^ x=4x and i = lim ^^ = ^ i^  
the unique common fixed point of S and T. dearly Theorem 
3.4.16 applies to this example with a = b = c = d = 0 , and 
1/2 ^  e < 1. 
CHAPTER IV 
FIXSD POINT THEOREMS FOR MULTIV^-LUED MAPPH^GS 
y 
Let X be a non-empty s e t . Let 2 denote t he c o l l e c -
Y 
tion of non-empty subsets of X.A mapping T : X > 2 is 
said to have a fixed point x in X if x e Tx. Several 
results on fixed point for multivalued mappings exist in 
the literature in metric space set up (See [2^]? [^2]). • 
Recently attempts have been made to extend these results to 
uniform spaces. 
In this chapter, we study fixed point theorems in 
uniform space. Let (X.^ ^^ ]^  ) be a uniform space, A C I ^ ) be 
the family of pseudometrics which determines (X and A ( (X-) 
be the enlarged family of A('U^) (See Chapter III). 
We begin with the definitions and results which will be 
frequently used in the sequel. 
4.1 SOME RELEVANT DEFINITIONS MP RESULTS 
Let (X,^) be a uniform space and A be a non empty 
subset of X. Define ; 
6 (A) = Sup {d- (x,y) ; x,y e A, K e 1} where 
* - • * " (d- : \ e I } = A ( t i , ) . 6 (A) is called the augmented dia-
meter of A. Further, A is said to be A ( 1J^  )-bounded if 
6* (A) < oo. 
empty, c l o s e d and A ( Li)-t>ovinded ( r e s p . compact) s u b s e t s 
of X, For any non empty s u b s e t s A,B of X, we d e f i n e 
dj^(A,B) = Inf . {d^(a ,b ) : a e A, b £ B} , 
H^(A,B) = max. {Sup d^ (a ,3 ) : a £ A; Sup d^(A,b) : b £ B} 
I t i s well-known [48] t h a t on 2 , H^  i s a pseudometr lc^ 
c a l l e d t h e Hausdorff pseudomet r ic induced by d^. The Hausdorff 
U X 
u n i f o r m i t y 2 on 2 i s de f ined by t h e base 
2^ = { IJ : U £ 1_X } where u" = {(A, B) : A,B £ 2 ^ , A C U [ B ] 
and B C U [ A ] } . The en la rged family A ( IX) a l s o induces a 
xoniformity (j^ on 2 de f ined by t h e base 3 = {V ( \ , r ) : 
X £ I, r > 0} where V (X, r) = {(A,B) : A,B £ 2 , H^(A,B) < r}. 
U 11* X The uniformities 2 and L^ o^ ~ ^^ ® uniformly isomorphic. 
X XL X ^ 
The speces ( 2 , 2 ) and (2 , 'U^ ) a r e c a l l e d t h e hyper spaces 
of (X, 7 1 ) . A good d e a l of t h e subjec"^ /aSST^^-found i n 
Micheal [ 4 8 ] . ^:>" ""^ -^  \ 
4 .2 MAIN RESULTS ^ ,^s ~ ^ ' 
We p r e s e n t t h e fo l l owing resui-ti:%®3SH0 Mishra [ 3 9 ] . 
X By m u l t i v a l u e d mapping T : X > 2 , we mean T tCX.XJy ) > 
( 2 ^ 2^ ) . 
THEOREM 4.2,1 [59]. Let (X,^! ) ^ ^ a complete Hausdorff 
uniform space defined by {d- : \ e 1} = A ( TX) and let 
F, , F^  : X > 2^ be multivalued^^^ing's'^^i^fying 
(4.2.1.1) H^(F^x,F2y) ^ a^d^(x,F-^x) + b^d^(y,F2y) 
+ Cj^d^(x,F2y) + e^ d^ (y,F-j^ x) + f^d^(x,y) 
for all x,y e X and X e I, where a, , b , c, , e, and f are 
non negative real numbers such that 
(4.2.1.2) a^+ b. + c. + e. + f, < 1 
A A A A A, 
(4.2.1.3) a^ = b^ or c, = e^ ., 
Then F, and Fp have a common fixed point. 
Pro of. Let x e X and x, e F-,x . Let U £ U j be an a r b i -
t r a r y e n t o u r a g e . S ince p i s a base for*^!^, t h e r e e x i s t s 
V ( X , r ) e | 3 , A e I , r > 0 such t h a t V ( x , r ) C . U. 
Now choose Xp e F^x, such t h a t 
( a +c, + f ^ ) ( b + e , + f, ) 
Such a choice is permissible due to Nadler [42, cf. remark 
p. 480]. Using condition (4.2.1.1), we get 
d^ (x3^ ,X2) ^ < a^d^(x^,FiX^) + b^d^(x-L, F2X-^ ) H- c^d^(x^, F^x^) 
. e^d,(x,,F,x^) . f,d,(x^.x,) . ^ ^ \ " " " 
± - a^- e^ 
(a^+c + f )(b +e + f ) 
. f ^ f -^ -^ \ L A A A A A A 
Therefore 
a. + c + f (a +c +f ) (b +e +f ) 
' ' ' ^ 1 - V - . ' ° ' ( l - b , - c , ) ( l - a ^ - e , ) 
where 
a, +c, +f ^  b^ + e, + f ^  
_ A A. A. q _ _A A; A ^ 
Having chosen x^e ^p^l» ^^ choose x^ e F-,x_ such t h a t 
[ (a +c,+f, ) (b +e,+f, ) ] ^ 
c L ( x ^ , x J < K (F,x„,F^x ) + ^ ^ ^ ^_A_2^ . 
- X 3 2 N \ 1 2 2 1 (i_b^_c^)2 (l-a^^-e^) 
Again using condit ion ( 4 . 2 . 1 . 1 ) , we ge t 
Z 
b- +e +f [ (a^ +c, +f, ) (b +e, +f, ) ] 
' ' ' l - \ - X ' ' ^ t ( l - b , - c , ) ( l - a , - e , ) ] 2 
s< ^^X^x) '^x^^c'^l) ^ \ ( V x ) -^  ^ ^ ' V ^ -
Continuing t h i s process , we get for n = 0 , 1 , 2 , . . . a sequence 
{ x j such t h a t x^^^^e F^x^^, x^^^^z F^x^^^^ and 
( 4 . 2 . 1 . 4 ) \ (X2^,1,X2^^2) -< ^ X ^ V x ^ X ^ ^ o ' ^ l ) ^ ^^X^x)"""- ^ 
( 4 . 2 . 1 . 5 ) d^(x2n,2'^2n.3) ^ ^ V x ) " ' " " ^ ^ ^ o ' ^ l ^ * ^^^X^x)"" '" 
Since r^S, < 1, from condi t ions ( 4 , 2 . 1 . 4 ) and ( 4 . 2 . 1 . 5 ) 
A A 
i t follows t h a t d, (x^^, -^n+l^ ^ ^ ^°''^ ^^^ n >/ N (X,r) and 
hence (^nt^^n+i) e V(X,r) ^ U. This shows tha t {x } i s a 
Cauchy sea_uence ( i . e . Cauchy sequence in d^-topology). Let 
G, = {x : n >^  k} for a l l p o s i t i v e in tegers k and, l e t 
B = {G, : k = 1,2, . . . . } be a f i l t e r b a s i s . Then in view 
of Tarafdar [57] , we observe t h a t 3 i s a Cauchy f i l t e r . 
Since X i s complete and Hausdorff, i t follows t h a t G, > z 
for some z e'X. We s h a l l prove t h a t z i s a common f ixed 
po in t of F-^ and Fp i . e . z e F, z fl ^p^' ^®^ '^' ^ TX ^e 
a r b i t r a r y . Then the re ex i s t s V(a , t ) e p , a e l , t > 0 such 
t h a t V(a, t) C W. Consider, 
d^(z,F3_z) ,< d^(2,G2^) + d^(F2G2k-l' ^ 1 ^ ^ ' 
Using condi t ion (4 .2 .1 .1 ) i t follows t h a t 
( l - a^ -e^ )d^ (z ,F i z ) ^ ( l-^o^)d^(z.G2k)-^Va^^2k-l '^2k) 
* ^®a"^^a^^a^'^2k-l»^^ - 0 as k - =o. 
This shows that d^ (z,F-j_z) < t. Therefore (2,F^2) e W. Since 
W is arbitrary and X is Hausdorff, it follows that z e F-.2. 
Similarly z e F^z. Hence z £ F-,z C] F^z. 
This completes the proof. 
THEOREM ^.2.2 [39]- Let (X,1JL^) be a complete Kausdorff 
uniform space defined by (d^ : \ e 1} = A ( (X) and, let 
F-, ,Fp: X-^  -^ Cpt (X) be multivalued mappings satisfying 
conditions of Theorem ^.2.1. Then F, and F- have a common 
fixed point. 
COROLLARY 4.2.1 [37]. Let (X,|_|^) be a complete Kausdorff 
uniform space defined by {d : \ e 1} = A ( IX) and, let 
f-, , fp : X > X be such that 
(•^) d^(f-j_x,f2x) ^ a^d^(x,f^x) + b^d^(y,f2y) + c^d^(x,f2y) 
+ e^d^Cy, f^x) + f^d^Cx,y) 
holds for all x,y e X and \ e I, where a , b^, c, , e, and f^ 
satisfy conditions of Theorem ^.2.1. Then, f^ and fp have a 
unique common fixed point. 
Proof. The assertion follows on taking F-,(x) = {f,(x)} and 
FpCx) = {fpCx)} for all x e X, as each singleton is closed. 
The uniqueness can be easily verified, V; 
OOROLLARY 4.2.2 [6o]. Let (X,d) be a complete metric space 
(i.e. a metrizable umiform space) and let f^, fpZ X > X be 
such that condition (-^f) is satisfied. Then f-, and fp have 
a unique common fixed point. 
CPROLLARY 4.2.3 [13]. Let (X,d) be a complete metric space 
and, let F-j_, Fp: X > 2 be mxjltivalued mappings satisfying 
conditions of Theorem 4,2.1. Then FT and F^ have a common 
REMARK 4.2.1 [39]. It is interesting to note that by choos-
ing the mappings F-, and F- suitably and setting the constants 
a^  , b^  , c, , e, and f^  properly to zero, several fixed point 
A A A A A 
theorems in uniform and metric spaces for s i ng l e valued mapp-
ings due t o Acharya [ l ] , Tarafdar [ 5 7 ] , I s ek i [2^+] , Nadler 
[42j and Reich [46] can be obtained as spec ia l cases of 
Theorem 4 , 2 . 1 . 
The following r e s u l t i s a lso due t o Mishra [i+Oj . 
THBGRSM 4 . 2 . 3 . [40] . Let (X,']J_^) be a complete Hausdorff un i -
form space defined by {d^: A e 1} = A ( ' IX) ^^^» 1°"^ 
{ F } , { G } , a e N be nets of multimappings which converge 
pointwise to multimappings F and G r e spec t i ve ly . Suppose 
t h a t t h e p a i r (F ,G ) s a t i s f y condit ions of Theorem 4 , 2 . 1 with 
same constants a. , b, , c, , e, and f, . Suppose x i s a common 
A A A A A CI 
fixed point of F and G for each a e N. If {x }, a e N has 
a subnet {x }, v e N converging to x, then x is a common 
fixed point of F and G. 
Proof. Let U e Lu be arbitrary entourage. Since p is a 
base for IX , we can choose a V(A,r) e ^  such that V(x,r)C. U. 
Let X _-—> X. Then , 
d^(x,Gx) < d^(x,x^) + d^ (x^ ,, Gx) 
< d^(x,x^) + H^ (F^ x^ ,^ G^x) + H^(G^x,Gx), 
Since x e ^i;^v "^ "^^  ^^ v e N. Also, t he p a i r (F^.,G ) s a t i s -
f i e s condi t ions of Theorem 4 .2 .1 for a l l v e N. i+. nan "ho 
easily verified that 
d^(x,Gx) ^ (l+c^+e^+f^)d^(x^,x) + (b^ 4-c^)d^(x,Gx) 
+ (1+bj^ +Cj^ ) H^(G^x,Gx) . 
Therefore, 
1+c. +e. +f. 
(4.2.3.1) d,(x.Gx) < ( L - A - A ) d (x..,x) 
^ ( h h. ) H^ (G^x, Gx) . 
Since x > x, for r > 0, there exists a positive integer 
m-j such that for all v ^ m^ we have 
(4.2.3.2) d^ (x^ ,^x) < ( ^" ""^  ). r/2 . 
Also, G > G, pointwise, for given x e X and r > 0, t h e r e 
e x i s t s a pos i t i ve in tege r nip such t h a t for a l l r >, m^  we have 
( 4 . 2 . 3 . 3 ) Hj^ (G x,Gx) < ( ^^—^ ) . r / 2 . 
Choose m = max {m-, m-} . Then for all v >^ m, v;e have from 
(4.2.3.1), (4.2.3.2) and(4.2.3.3) that 
d^(x,Gx) < 1/2 r + 1/2 r = r . 
This shows t h a t x e U[Gx] for a l l U e XL • Therefore 
X £ P) U [GX] = G^ = GX. S imi lar ly i t can be proved t h a t 
REI'lARK 4.2.2 [^ O] . In Theorem 4.2.3, the existence of a 
common fixed point x^ for F and G , a £ N is always guaranteed 
in view of Theorem 4.2.1. 
REI4ARK 4.2.3 [40] . If x is a complete metric space, by-
choosing the mappings F , G and the constants a , b, , c. , e. 
and f. suitably, several results for single valued mappings 
and multimappings can be obtained as special cases of Theorem 
4.2.3 [cf. V/ong ([60] , Theorem 5)]. 
Now we give some results due to Mishra-Singh [4l] , 
on fixed points of condensing and asymptotically regular mul-
tivalued maps in a uniform space. A multivalued version of 
Banach contraction principle which generalizes results of 
Nadler [42] and Tarafdar [57]. 
First we introduce necessary definitions. 
DEFINITION 4.2.1 [4l] . Let (X,'|X) ^ e a uniform space defined 
by {d^ : \ e 1} =t A*( IX). If F : X > 2^ is a miJ.tivalued 
mapping, then 
(i) F is to be called A ( (^ ) non expansion (or simply 
non expansion) if for each \ e I, H^(Fx,Fy) ^ cij^ (x,y) 
for all x,y £ X; 
(ii) F is to be called A ( L L ) contraction (or simply con-
traction) if for each \ e I, there exists a real number 
k with 0 < k < 1 such that for x,y £ X, we have 
H.(Fx,Fy) ^ k ^ d^(x,y); 
( i i i ) F i s t o be ca l l ed A (1j^) asymptot ica l ly r egu la r 
(or simply asymptot ical ly regiiLar) i f for each 
X e X, t h e r e ex i s t s a sequence (x } in X wi th 
o ' n-* 
•^ n+1 ^ ^ n ^" ~ 0»1»2, . . . . ) such t h a t for each 
X e I , we have d^(x , '^n+l^ ^ ^ ^^ " — ^ °°' 
REMARK 4.2.4 [4l], By taking F to be singlevalued mapping 
we get analogous definitions noted in Tarafdar [57] (see 
Def. 3.1.2). 
RSr-lARX 4.2.5 [411. In view of Tarafdar [57] , it is fairly 
simple to check that if F is A ( iX) ^on expansion, contrac-
tion or asymptotically regular, then it is so with respect 
to A(U). 
DBFINITION 4.2.2 [4l]. For each non-empty A ( IX) bounded 
subset G of a uniform space X, we define a (G) to be the infi-
mum of all numbers e > 0 such that G admits a finite covering 
consisting of subsets of X with augmented diameter less than 
e. Then a (G)is said to be called an augmented measure of 
•it-
noncompactness, or a -measure of non-compactness of G. 
This is in analogy with the measure of non-compact-
ness due to Kuratowski (Topologie II, Warszawa, 1961), We 
note the following properties of a. 
(P-^ ) A C , B = » /(A) ^  a'(B) 
(P^) a (A) = 0 4=^ A is precompact. 
For precompactness in uniform spaces, we refer to 
Kothe ([33] page 36). 
where ^(A e) = (^  ^ ^  • d^  (x,A) < £, A Q X, e > 0, X e I}. 
DEFINITION 4.2 .3 [4 l ] . A mioltivalued mapping F : X—>2^ i s 
sa id t o be ca l l ed condensing i f F i s upper semicontinxio\Js 
( u . s . c . ) and for any non empty subset A of X with a (A) > 0, 
we have a* (F( A) < a (A) where F( A) = {u Fx : x e A}. 
DEFINITION 4 .2 .4 [^l] • Let (X,1X) t>e a uniform space defined 
by (d- : X £ 1} = A ('(X ) . X i s t o be ca l l ed W-star-shaped 
(with respect t o A ( 1_i )) i f t he r e e x i s t s an x e X and a 
mapping ¥ : X x (x } x (0 ,1) > X such t h a t for each X e I , 
t h e r e ex i s t s a rea l number a, e (0 ,1) with d, (x,V/(y,x , a^) ) < 
A A. O A. \ 
a^d^(x,y) + ( l - a^ )d^(x ,x^) for a l l x,y e X. 
A W-starshaped uniform space X defined by 
[d. : X e I } = A ( ' [ X ) i s sa id t o s a t i s f y condit ion (A) i f 
for each X e I , t he r e e x i s t s a r e a l number a, e (0,1) such 
t h a t dj^ (W ( x , x ^ , a ^ ) , W(y,x^,a^)) < a^d^(x,y) for a l l x ,y e X. 
THEOREM 4.2 .4 [ 4 l ] . Let ( X , ^ ) be a complete Hausdorff 
uniform space defined by {d^ ^ ; X e 1} = A ( 1 X , ) ^^'^ ^^'^ 
X F : X > 2 be a multivalued con t rac t ion mapping. Then F 
has a fixed po in t . 
Proof. Let x e X and x, e Fx be a r b i t r a r y . Let U e [jj 
be an arbitrary entourage. Since p is a base for \j^, 
there exists V/^  \e 3 such that V/. \ d U. 
Now choose X- e Fx, such that \(^»^2^ -s ^ '^^o'^l^'^X ' 
Such a choice is permissible due to Nadler [^2]. Therefore 
d^ (x^ ,X2) ^  W(\*^2.^ + \ ' 
Having chosen Xp, now choose x-,e Fx- such that 
Continuing this process we can choose a sequence {x } in X 
such that X T e Fx (n = 0,1,2, ....) and 
\(^n' ^n.l) ^  Hx(^n-1' ^^n) ^  ^ X 
^ ^x\(^o'^l> ^ ^  ^ X-
Therefore for a l l m,n >, N, we have 
• • • • "f* 
^^V^o'^l) -^^X-CX^^o'^l) ^ 
/ T\ , n+1 , n+m—1, / , % /•_ n \i,n+m—1 
+ (n+l) kj, . . . . + k^ ^ ^ - ^ , x , )+(n+m-l ;k 
n+m-1 . n+m-1 . 
i = n i = n 
Since the two se r i e s on the r i g h t hand s ide converge , i t can 
be shown t h a t d, (x , x ) < r and hence (x , x ) e U for 
\ n n+m n n+m 
all n,m >, N (x,r). Therefore the sequence (x } is a Cauchy 
sequence (Cauchy sequence in d^ Topology on X ) . Let 
G = {x : n ^  p} for all positive integers p and let B = 
{G : p = 1,2,3, . . . } . Then in view of Tarafdar [57], B is 
a Cauchy filter. Since X is complete and Hausdorff, 
G > z for some z e X. Consequently, K G „ ) > Fz 
(follows from the continuity of F ) , Also, G , e F ( G ) for 
all p, it follows that z e Fz. Hence z is a fixed point of 
F. This completes the proof, v/ 
The following result immediately follows. 
OOROLLARY 4.2. A- ([42], Th.5). Let (X,d) be a complete metric 
space (a raetrizable uniform space), and let F : X >2 be a 
multivalued contraction mapping. Then F has a fixed point. 
REMARK 4.2.6. If we take F : X > X a single valued con-
traction mapping in Theorem 4.2.4, We get Theorem 1,1 of 
Tarafdar [57] (See Theorem 3.2.1). 
THEOREM 4.2.5 [41]. Let (X,7X) ^e a complete^Hausdorff 
V 
i^niform space defined by {d, : \ e 1} = A ( T J L ) » ^^^ le't 
X 
F : X > 2 be a condensing multimapping. Suppose there 
is a non empty A ( 1X)-^o^^^sd subset G of X such that 
F(G) is A (1JL)-bounded and inf {d^(x,Fx) : x e G, \ e 1} = 0. 
Then F has a fixed point (say) "z e "G. 
Proof. Select a sequence (x } in G such that d^(x ,Fx_) 
-a V n' \^  n' n' 
-^2" (n=l,2, . , . . ) . Now, for each n, choose a y^ e Fx^ 
<-n such t h a t d (x ,y^) :^  ^ ^ ' ^ n ' ^ n ^ "^  ^~ * ^^^ £ > 0, choose 
an n such t h a t 2 ° < e. Then for a l l n >, n , we have o / o 
Then (A-C) C. V^g^^^ and a^(A) = a '^CA-C) ^ °^^^^{B,e)^ ^ 
a (B) + 2e, follows from (P^) and ( ? ^ ) . Since £ > 0 i s a r b i -
t r a r y , i t follows t h a t a^(A) ^ a*"(B) ^ a"^(F(A)). 
Since F i s condensing, i t follows t h a t a (F( A)) < a (A). 
Therefore a (A) = 0 and hence by (Pp) , A i s precompact. Hence 
t h e r e ex i s t s a sub sequence {x } of (x } such t h a t x —> z 
__ "k " "k 
for some z e G. Consequently y > z. Since y e Fx for 
each n and F i s upper semi cont inuous, we have z e Fz. This 
completes the proof, v/ 
THBOREi^  4 .2 .6 [41] . Let (X, ' |X) ^e i^ complete Hausdorff uniform 
space defined by A (TX)* Suppose X i s A (]J^ )-bounded, 
W-starshaped and s a t i s f i e s condi t ion (A). If F : X > Cpt(X) 
i s a non expansive condensing raxaltimapping, then F has a fixed 
p o i n t . 
Proof. Let x e X and W : X x {x^} x (0 ,1) > X. For each 
X e I and k. e ( 0 , 1 ) , define a mapping F^ : X-^  > B(X), where 
B(X) i s t he family of a l l subsets of X, by F^(x) = {w(y,x^,k^) : 
y e Fx, X e X}. Then for any x e X, F«^(x) i s non-empty and 
compact. Since X s a t i s f i e s condi t ion (A), i t follows t h a t F. 
i s a mxiltivalued contrac t ion mapping. Hence by Theorem 4 . 2 . 4 , 
t h e r e e x i s t s a point x e F, (x^) and a po in t y e ^ ( ^ ) such 
t h a t x^  = W (y, ,x , k. ) . Therefore, 
A. A O A. 
Since X i s A ( |X ) bounded, i t follows t h a t d,(x- ,F(x^)) — ^ 0 
as k^ ^ 1. Therefore by Theorem 4 . 2 . 5 , F has a f ixed po in t . 
This completes the proof. Y/ 
COROLLARY 4.2.^ [^l] . Let (X,lJ^) be a compact Hausdorff 
uniform space defined by {d, : X e 1} = A ( [^ ) . Suppose 
X i s V/-starshaped and s a t i s f i e s condi t ion (A). If F : X > 
Cpt(X) i s a non expansive multimapping, then F has a f ixed 
p o i n t . 
THEORSt^  4.2.7 [ 4 l ] . Let (X,TX) ^e a complete Hausdorff 
uniform space defined by {d : X e 1} = A ( ( ^ ) , and l e t X 
be A (XL) bounded. I f F : X > 2 i s an asymptot ica l ly 
r e g u l a r , condensing multimapping, then F has a fixed p o i n t . 
Proof. Let x e X be a r b i t r a r y . Since F i s asymptot ica l ly 
regiolar, t he re i s a sequence {x } in X such t h a t x , e Fx 
(n = 0 , 1 , 2 , . . . . ) and d^C^n'^^n+l^ ^ ^ ^^ ^ ^ °°* t h e r e -
fore d^C^n'^^n^ ^ ^' ^^^^^ ^y Theorem 4 . 2 . 5 , F has a f ixed 
p o i n t . This completes t h e proof. W/ 
THEOREM 4 .2 .8 [ 4 l ] . Let (X,1X) ^e a complete Hausdorff xjni-
form space defined by {d : X e 1} = A ( 7X) • Suppose X is 
bounded, W-starshaped and s a t i s f i e s condi t ion (A). 
Let f : X > X be an asymptotically regular condensing mapp-
ing and F : X >- Cpt(X) a non expansive condensing multima-
pping. If f and F commute, then they have a common fixed point. 
Proof. In view of Corollary 4.2.5, there exists a point z e X 
such that z e Fz. Since f and F commute, v;e have f z e F(f z). 
Also, {f'^ z} is precompact as f is condensing. Therefore 
{f^z} has a subsequence {f^ 'z} such that f™z — > y for some 
y £ X. Since f is asymptotically regular, we have 
d. (f^z, f"^"*" z) > 0 as m——> °°. Now \ising the upper semi-
continuity of f, it follows that d. (y^, fy ) = 0. Therefore 
fy = y e Fy . This completes the proof, y^ 
THBORSM 4.2-9 [4l]. Let (X, 7X) ^® ^ complete Hausdorff 
uniform space defined by [d : \ e l } = A ( ( J ^ ) . Suppose X 
is A ( (Jt)-^ o^ -^ e^^  ^^^ ^ • X > X, F : X > 2 are asympto-
tically regular condensing mappings. If f and F commute, then 
they have a common fixed point. 
Proof. The proof can be constructed on the lines of Theorem 
4.2.8 by using Theorem 4.2.7. Hence omitted, sjj 
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